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Abstract — This paper assesses a micromorphic approach to approximate cohesive damage
gradient models. This approach has the advantage of being able to approximate most damage
gradient models with a unified finite element implementation, but has the disadvantage of
introducing a penalisation coefficient.

Inspired by the current approaches in which a Lagrange multiplier has replaced the penalisation
coefficient, and the cell equilibrium algorithm in the context of Hybrid High Order methods, a
new numerical strategy is proposed.

Keywords Micromorphic damage model, gradient damage model, cohesive fracture, Hybrid
High-Order method.

Introduction
Gradient damage models are widely used in the literature due to their ability to predict crack
nucleation, kinking, and bifurcation in brittle materials.

However, a main drawback of the classical AT1 [1] and AT2 [2] models is the rigid definition
of the characteristic length, 𝑙𝑐, which is determined by the fracture stress, 𝜎𝑐, and the fracture
energy, 𝐺𝑐. As illustrated in this work, the resulting characteristic length can be too large
compared with the structure size, potentially leading to unphysical solutions. To address this
issue, Cuvilliez et al. proposed a cohesive damage gradient model that allows 𝐺𝑐, 𝜎𝑐, and 𝑙𝑐 to
be chosen independently [3].

This paper assesses a micromorphic approach to approximate the cohesive damage gradient
model proposed in [3], and applies it to the description of a thermal shock initially proposed by
Dharhi et al. [4].

The micromorphic approach has the advantage of being flexible: it is able to approximate most of
the current gradient damage models by relying on a user-defined behaviour law, thus preserving
a unified finite element implementation. However, this approach adds a penalty coefficient [5],
which, as will be illustrated in this work, has some limitations.
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A new numerical strategy is proposed to address these limitations, inspired by the work of Scherer
et al. [6], in which the penalisation coefficient has been replaced by a Lagrange multiplier, and
the cell equilibrium algorithm introduced by Siedel et al. in the context of Hybrid High Order
methods [7].

1 Micromorphic damage models
1.1 General formulation
As detailed in [5], the micromorphic approach can be described in the standard generalized
framework (GSM): to fully characterize the material behaviour, the global free energy Ψ and
the dissipation potential Φ must be defined.

1.1.1 Free energy in the medium

The free energy Ψ of the body Ω reads as a function of the strain 𝜀, damage 𝛼, micromorphic
damage 𝛼𝜒, and micromorphic damage gradient ∇𝛼𝜒

Ψ(𝜀,𝛼,𝛼𝜒,∇𝛼𝜒) = Ψ𝜀,𝛼(𝜀,𝛼)+Ψ𝛼(𝛼)+Ψ𝛼,𝛼𝜒
(𝛼𝜒,𝛼)+𝜓∇𝛼(∇𝛼𝜒)

Mechanical energy The mechanical energy is defined in the same way as in standard gradient
damage models:

Ψ𝜀,𝛼 = (𝑔(𝛼)+𝜅)Ψ𝐷(𝜀)+Ψ𝑅(𝜀) (1)

where 𝑔(𝛼) is the degradation function, and Ψ𝐷 and Ψ𝑅 correspond to the energy splitting to
handle the unilateral condition [8]. Accordingly, the Cauchy stress tensor can be derived from
Equation 1 such that

𝜎 = 𝜕𝜀Ψ = (𝑔(𝛼)+𝜅)𝜕𝜀Ψ𝐷(𝜀)+𝜕𝜀Ψ𝑅(𝜀).
𝜅 = 1 × 10−6 is introduced to provide a non-zero stiffness that ensures numerical convergence,
with negligible influence on the model.

Microdamage energy Ψ𝛼,𝛼𝜒
models the coupling between the damage field 𝛼 and the

micromorphic damage field 𝛼𝜒. In the context of approximating gradient damage models, it
can be defined as a penalty term as follows:

Ψ𝛼,𝛼𝜒
= 𝐻𝜒

2 (𝛼−𝛼𝜒)2 (2)

The scalar microstress 𝑎𝜒, which is the conjugate to the micromorphic damage field 𝛼𝜒, is defined
as:

𝑎𝜒 = 𝜕𝛼𝜒
Ψ = 𝐻𝜒(𝛼𝜒 −𝛼).

Microdamage gradient energy Ψ∇𝛼𝜒
limits the gradient of the micromorphic damage field.

It is defined as follows:
Ψ∇𝛼𝜒

= 𝐴𝜒
2 ‖∇𝛼𝜒‖2.

The value of 𝐴𝜒 depends on the characteristic length 𝑙𝑐, controlling the diffusion range, and on
the fracture energy 𝐺𝑐, to maintain coherence with the total energy dissipated during fracture.

The vector microstress 𝑏𝜒, which is the conjugate to the gradient of the micromorphic damage
field ∇𝛼𝜒, is defined as:

𝑏𝜒 = 𝜕∇𝛼𝜒
Ψ = 𝐴𝜒∇𝛼𝜒.

Macrodamage energy The free energy density Ψ𝛼 depicts the energy associated with a
homogeneous process of damage. Owing to the coupling between the diffused micromorphic
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field and the damage field through the coupling term, the damage response must incorporate
the characteristic length 𝑙𝑐 to ensure that the total dissipation of microscopic and macroscopic
fields is consistent with the fracture energy 𝐺𝑐.

The generalized scalar stress 𝑌 , which is the conjugate to the damage field 𝛼, is naturally defined
as the opposite of the derivative of Ψ with respect to 𝛼:

𝑌 = −𝜕𝛼Ψ = −𝑔′(𝛼)Ψ𝐷(𝜀)−𝑤′(𝛼)+𝐻𝜒(𝛼𝜒 −𝛼).

1.1.2 Dissipation energy in the medium

The dissipation potential Φ( ̇𝛼) accounts for the irreversibility of fracture processes in the medium.
In this work, Φ( ̇𝛼) is defined as follows:

Φ( ̇𝛼) = 𝑌0 ̇𝛼+𝐼ℝ+
( ̇𝛼)

where 𝐼ℝ+
denotes the characteristic function, i.e., 𝐼ℝ+

(𝑥) = {0, 𝑥 ≥ 0,
∞, 𝑥 < 0 .

1.1.3 Micromorphic approximation of variational gradient damage models.

In this section, we recall the micromorphic approximation of the model AT1 proposed by Siedel
et al. [5], [9] and introduce the approximation used for cohesive models.

𝑔(𝛼) 𝜓𝛼(𝛼) 𝐴𝜒 𝐻𝜒 𝑌0 conditions

AT1 (1−𝛼)2 3𝐺𝑐
8𝑙𝑐

𝛼 3
4𝐺𝑐𝑙𝑐 𝛽 3𝐺𝑐

4𝑙𝑐
0

Lorentz ( (1−𝛼)2

1+(𝑚−2)𝛼+(1+𝑝𝑚)𝛼2 ) 3𝐺𝑐
8𝑙𝑐

𝛼 3
4𝐺𝑐𝑙𝑐 𝛽 3𝐺𝑐

4𝑙𝑐
0 𝑚 ≥ 𝑝 +2 ≥ 3

Table 1: Micromorphic approximation of AT1 and Lorentz model

From Table 1, the coefficient 𝐻𝜒 in the penalty term is defined as a function of the fracture
energy 𝐺𝑐, the characteristic length 𝑙𝑐, and the adimensional penalisation factor 𝛽. A detailed
analysis of the choice of 𝛽 and its impact on the results is discussed in the following section.

Griffith type energy

One of the main advantages of the phase-field models is their capacity to predict crack nucleation.
It was shown in [10] that the uniaxial tension fracture stress 𝜎𝑐 for the AT1 model can be
computed by:

𝜎𝑐 = √3𝐺𝑐𝐸
8𝑙𝑐

(3)

However, as can be seen in Equation 3, the main limitation of the AT1 model to predict crack
nucleation is its inability to choose independently the fracture stress, 𝜎𝑐, the fracture energy 𝐺𝑐,
and the characteristic length 𝑙𝑐.

Cohesive type energy

In this work, the cohesive Lorentz model proposed in [3] is approximated using the micromorphic
approach using the functions proposed in Table 1.

The only difference between the AT1 and Lorentz model corresponds to the degradation function
𝑔(𝛼). The uniaxial tension fracture stress 𝜎𝑐 corresponds to:

𝜎𝑐 = √ 3𝐺𝑐𝐸
8𝑙𝑐(𝑚

2 ) (4)
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In the Lorentz model, the degradation function depends on the parameters 𝑚 and 𝑝, where, as
seen in Equation 4, the value of 𝑚 can be chosen as a function of 𝜎𝑐, 𝐺𝑐, and the characteristic
length 𝑙𝑐, which can now be chosen independently.

More general cohesive models can be constructed by modifying the free-energy terms of the
micromorphic formulation. These models can, for example, approximate the family of cohesive
gradient damage models presented in [11].

1.1.4 Numerical resolution

In this work, the alternate minimization algorithm proposed by Siedel et al. [9] has been adopted.
The numerical simulations were performed using the finite element solver Manta [12], coupled
to the MFront code generator [13] for the implementation of the mechanical and micromorphic
behaviours. The implementation was validated through cross-validation with the numerical
solver Z-set to validate the implementation.

1.2 Comparison of Griffith and cohesive damage gradients models
To illustrate the advantage of gradient damage models with cohesive-type energy, we present
the resolution of the Dhahri problem [4] using the micromorphic approach with the standard
finite element method for thermal shock problems presented in [14] for 𝛽 = 300.

The fracture energy 𝐺𝑐 is set to 24.3 Jm−2, the tensile stress strength 𝜎𝑐 is set to 100 MPa, and
the disk radius 𝑅 = 6.5×10−3 m.

In the AT1 model, the characteristic length has to be set to 0.3371 mm in order to respect the
desired values for 𝜎𝑐 and 𝐺𝑐.

By contrast, using the Lorentz model, it is possible to define independently the characteristic
length, 𝑙𝑐, which is chosen equal to 0.14 mm.

Figure 1: Microdamage at 𝑡 = 0.950s for AT1,
𝑙𝑐
ℎ = 6.74

Figure 2: Microdamage at 𝑡 = 0.950s for
Lorentz, 𝑙𝑐

ℎ = 5.6

Figure 1 and Figure 2 illustrate that the characteristic length 𝑙𝑐 used in the AT1 model leads
to non-physical crack interactions. The selected value for 𝑙𝑐 for the Lorentz model avoids such
spurious interactions.

Note that, because each simulation uses a different characteristic length 𝑙𝑐, we employ two
different meshes to ensure that 𝑙𝑐

ℎ > 5 in both cases. Further details on the choice of the mesh
size ℎ and the penalization term 𝛽 = 300 are provided in the following section and will be
discussed during the oral presentation.

2 Analysis of the penalty factor for approximating cohesive
damage gradient models

This section provides an analysis of the impact of the 𝛽 coefficient.
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In the case of the micromorphic approximation of the AT1 and AT2 models, Siedel et al. have
shown that a value of 𝛽 = 300 allows to obtain accurate predictions of the force-displacement
curves in many test-cases in the literature [9], e.g., tension test on a fiber reinforced matrix [15],
shear test on a notched plate [16] and shear-driven fracture on a tensile test [17].

In this section, the impact of 𝛽 on the accuracy of the approximation is studied for cohesive
models. We show that this accuracy, for a given value of 𝛽, depends on the ratio 𝑙𝑐

ℎ between the
characteristic length 𝑙𝑐 and the mesh size ℎ.

2.1 Description of one-dimensional tensile test.
The test case consists of a 1 mm bar stretched by a horizontal displacement of amplitude 0.2 mm
at the right side, and the left side is clamped. Micromorphic damage is set to zero at both ends
of the bar. The material is elastic with 𝜈 = 0 and 𝐸 = 200GPa. The brittle fracture properties
are 𝐺𝑐 = 1Jm−2 and 𝜎𝑐 = 20MPa. The characteristic length is 𝑙𝑐 = 0.1mm.

2.2 Analysis of validation results
In this test, the length L of the bar is of intermediate length with respect to 𝜎𝑐 and 𝐺𝑐 of the
material which implies that the arc-length analytical solution has a snapback phase during crack
nucleation from 𝜎𝑐 = 20MPa to 5MPa, followed by a non snapback response for the remainder
of the loading until complete failure (see Figures 3 and 4 ) (see [10] for a more general discussion
about the 1D response of gradient damage models and the effect of the bar length).

This induces in the tension test with an increasing load, an unstable crack propagation from
𝜎𝑐 = 20MPa to 𝜎𝑐 = 5MPa followed by a stable crack propagation until complete failure.

Figure 3: Force vs displacement for 𝜎𝑐 =
20MPa and 𝛽 = 100

Figure 4: Force vs displacement for 𝜎𝑐 =
20MPa and 𝛽 = 300

2.3 Results and discussion
In particular, it is shown that the local minima solution of the discretised problem has the
following behaviour:

• In the case where the ratio 𝑙𝑐
ℎ is too large for a fixed value of 𝛽, the damage field 𝛼 localises

in a one-element band near the peak of the analytical damage profile, which understimates
the dissipation.

Intuitively, for a small enough mesh size, the one-element band localisation of 𝛼 becomes
too small for a fixed value of 𝛽 to be accurately penalised with the volume microenergy
term. This implies the one-element localisation on 𝛼 is not reproduced by the micromorphic
damage field 𝛼𝜒, thus it is not regularised by the micromorphic gradient energy term.

• For cohesive models, the analytical peak damage value is not necessarily 1 and is fully
responsible for the cohesive stress transfer across the crack [2] [3].
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For a small enough mesh size, the one-element localisation peak in the damage field
𝛼 (explained above) fully determines the computed cohesive stress, which leads to an
inaccurate representation of the cohesive tension-separation law.

• For a small ratio 𝑙𝑐
ℎ , it is possible to fix a 𝛽, and the error comes from the expected

discretisation error of ℎ to reproduce the regular high gradient analytical solution of the
corresponding gradient damage model.

To better understand the dependence of results in 𝛽, we recall the micromorphic characteristic
length 𝑙𝜒 in [9] [18].

𝑙𝜒 ∶= √ 𝐴𝜒
𝐻𝜒

= 𝑙𝑐√𝛽

And thus, by setting a lower bound in the mesh size ℎ > 3𝑙𝜒 which avoids the one-element
damage localisation and an upper bound ℎ < 𝑙𝑐

5 which ensures an accurate description of the
high gradient regularised damage profile, we confirm the choice of 𝛽 = 300 in [9] is indeed a good
approximation.

3 Toward an Efficient Lagrange-Multiplier Based Implementation
of Cohesive Damage Gradient Models

Scherer et al. proposed in [6] to enforce weakly the equality of 𝛼 and 𝛼𝜒 by replacing the
penalty coefficient 𝛽 by a Lagrange multiplier. In particular, Scherer et al. highlighted that
using a Lagrange multiplier increased the robustness of the simulations [7].

The main disadvantage of this approach, in the context of finite element methods, is that
the Lagrange multipliers, defined at the nodes of the mesh, increase the number of unknowns.
Moreover, saddle-point problems have issues with many iterative linear solvers required for HPC
simulations.

We first recall the main ingredients of the Hybrid high order method and then the basis of the
cell equilibrium algorithm introduced by Sieldel et al. [9] for the standard micromorphic model.

Finally, we propose to extend the cell equilibrium when Lagrange multipliers are introduced,
ensuring that the size of the global problem remains unchanged.

3.1 The Hybrid high order method
We have the following discrete unknowns for the micromorphic field 𝛼𝜒.

̂𝛼ℎ
𝜒 ∶= (𝛼𝜒 𝑇 ,𝛼𝜒 𝐹 )

where 𝛼𝜒𝑇 and 𝛼𝜒 𝐹 denote the cell and face polynomials, respectively.

The cell unknowns can be eliminated by two approaches:

• static condensation, which consists in applying a Schur complement to eliminate the cell
unknowns from the tangent matrix at each step of the Newton method [19]–[21].

• The cell equilibrium is enforced by solving a nonlinear local problem within each cell,
thereby eliminating the corresponding unknowns from the global system. [7].

3.2 The equilibrium algorithm
For each estimation of the face unknowns 𝛼𝜒 𝐹 , the cell unknowns satisfy the following relation:

𝑅𝑇 (𝛼𝑇 𝜒,𝛼𝜒 𝐹 ) = 0
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where 𝑅𝑇 is the cell residual associated with the cell equilibrium condition.

The resolution of these problems requires implementing the Newton method at each element
prior to the global assembly of the face unknowns. This increases the time and complexity of
the cell equilibrium problem, while ensuring that the number of unknowns in the global problem
remains unchanged.

3.3 Extension to eliminate Lagrange multiplier
Our approach consists in solving, alongside the cell unknowns 𝛼𝑇 , the Lagrange multiplier 𝜆𝑇 ,
which is determined from the cell equilibrium condition

More precisely, it leads to:
𝑅𝑇 (𝛼𝑇

𝜒 ,𝜆𝑇 ,𝛼𝐹
𝜒 ) = 0

A similar approach was proposed in [22] for the elliptic obstacle problem, where piecewise-
constant multipliers were used to enforce the obstacle condition on the cell unknowns.

Conclusions and future works
The micromorphic approach was adapted to solve cohesive gradient damage models. The impact
of the penalisation factor on the quality of the solution was demonstrated, and we proposed a
method to remove this error in the HHO framework [9] by solving the saddle-point problem in
[6] at the cell-level.

The validation of the proposed method for different test cases will be shown during the oral
presentation.
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