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Abstract — Digital Volume Correlation (DVC) is an established method for extracting full-field dis-
placements from in-situ experiments monitored by X-ray computed tomography. However, the temporal
sampling of such measurements is usually sparse, which limits the analysis of nonlinear phenomena
such as plasticity, damage and failure. The method proposed herein consists in enriching the temporal
sampling with projections acquired during loading of an in-sifu cracking experiment. By combining
an integrated DVC formulation with a reduced-order Projection-enhanced DVC, it becomes possible to
identify the nonlinear evolution of the crack-front, the mode I stress intensity factor, and the associated
displacement fields throughout the experiment.

Mots clés — Digital Volume Correlation (DVC), Linear Elastic Fracture Mechanics, Projections.

1 Introduction

Background Additive manufacturing (AM) allows for the fabrication of parts with complex geome-
tries and tailored mechanical properties. In the particular case of Fused Deposition Modeling (FDM),
the process in itself may yield anisotropic fracture properties depending on the printing strategy (Fig-
ure 1(a)). The study presented herein was conducted using a Compact Tension (CT) specimen of size
50 x 48 x 10 mm> made of polycarbonate and printed with an infill of 50% (Figure 1(b)).
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Figure 1: (a) Schematic view of the FDM process. (b) 3D printed polycarbonate sample with the infill
pattern displayed in orange lines.

X-ray computed tomography X-ray Computed Tomography (X-CT) is commonly used to character-
ize AM materials, as it allows defects induced by the fabrication process (voids, lack-of-fusion regions,
filament interfaces) to be visualized in three dimensions. In addition, when combined with loading de-
vices, X-CT enables full-field measurements to be performed in in-sifu mechanical tests (i.e., mechanical
tests monitored by repeated tomographic acquisitions). Such 4D experiments provide access to the evolv-
ing microstructure and to the associated kinematic fields, which is of particular interest in the context of
damage and fracture of heterogeneous materials [1].

Tomography consists in reconstructing a 3D volume f(x) for all space locations & from sets of
radiographs p(&,®) acquired on the detector coordinates & at various angles ®. The reconstruction is



performed by minimizing

Trecon =§Z||n@[f<->]<§> - pE,0)|, (1)
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where Il is the projection operator that maps the 3D volume f(x) onto the detector plane for a given an-
gle O. The cost function I'tecon is minimized using the Simultaneous Iterative Reconstruction Technique
(SIRT) from Astra toolbox [2].

In-situ fracture experiment An in-situ fracture experiment was carried out on the CT specimen dis-
played in Figure 1(b), using a loading device mounted inside the tomograph, as shown in Figure 2(a).
The corresponding force vs. displacement curve is displayed in Figure 2(b). Two initial tomographic
acquisitions were performed for uncertainty quantification and five scans were acquired for deformed
configurations after subsequent loading steps of 1 mm. Between these scans, X-ray projections were
continuously acquired during the load ramps, at a fixed angle ® = 0°. These projections, which are
usually discarded once the CT reconstructions are performed, are here exploited to enrich the temporal
sampling of the kinematic measurements.
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Figure 2: (a) In-situ experimental setup. (b) Force vs. displacement curve (the green dashed lines depict
tomographic acquisitions).

2 Methods

Integrated DVC Digital Volume Correlation (DVC) was used to measure the displacement fields for
the different scans. As for Digital Image Correlation [3], there are essentially two types of approaches
to measure volumetric displacements, namely, local DVC in which small and independent sub-volumes
are registered [4] and global (or FE-based) DVC [5] for which the whole region of interest is meshed
and correlated in a single analysis. Both of these approaches are measuring a displacement field between
the reference volume f(x) and a sequence of deformed volumes g(x,T'), acquired for turn 7, with the
space/time displacement field w(x,T) (Figure 3) such that
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The kinematic basis is then to be chosen depending on the the mechanical problem, for instance,
rigid body motions or finite element shape functions may be used. In the context of fracture mechanics,
however, strain and stress fields exhibit square-root singularities and specific angular variations near
crack tips. To account for these features in a compact and mechanically meaningful way, an integrated
DVC approach [6] is adopted in which the displacement field is expressed in terms of Williams’ series [7].
The fields @/, ! and @/’ correspond to the asymptotic solutions of an infinite elastic body containing
a semi-infinite crack along the x-axis (x < 0), for modes I, II and III, respectively. For each plane of the



mesh, the displacement field is written as

Il e
= Z Z al@l(z) for each plane of the mesh, 3)
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where z = (r,0) denotes the local polar coordinates of a current point measured from the crack tip, and
aj, are the unknown amplitudes of the different Williams’” modes
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with ¥ = (3 — 4v), where Kolossov’s constant ¥ is expressed under plane strain condition, with v the
Poisson’s ratio of the material, and u the shear modulus. The role of the various terms is briefly recalled.
For n = 1, the fields correspond to the singular strain / stress fields generated by presence of the crack
whose amplitudes a] will give access to the Stress Intensity Factors (SIF) for modes I, II and III. For
n =2, and j = I the amplitude aé corresponds to a uniform stress, the so-called “T-stress” (uniaxial
tension along the crack direction). Higher order (i.e., subsingular) terms allow the effect of the boundary
conditions to be captured. Supersingular terms (i.e., n < 0) induce diverging strain energies at the crack-
front, and are usually discarded except for the first one (n = —1) that is used to position the crack-front
by canceling out the corresponding amplitudes [8].

The mesh used for the integrated DVC analyses is a cylindrical region around the crack-front, dis-
cretized into a finite number of planes along the specimen thickness. On each plane, the displacement
field is described by the truncated Williams’ expansion (3). This choice provides both a physically con-
sistent description of the near-tip fields and a relatively low number of degrees of freedom compared to

generic FE-based DVC.
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Figure 3: Schematic representation of the volume in the reference configuration f(x) to be registered
with either the volume in a deformed configuration g(x) or projections p;(&,®) acquired on the fly
during loading.

Projection-based DVC Integrated DVC analyses provide spatially detailed information on the fracture
process, but only at the discrete times corresponding to tomographic scans. Between two scans, the
mechanical response may exhibit rich transient behavior (crack arrest and re-propagation, interactions
with the printed architecture) that remains unresolved if one only relies on volumetric reconstructions.
To enrich the temporal sampling, one may use Projection-enhanced DVC [9] that consists in register-
ing 2D projections p,(§,®) acquired at different instants of time # during loading steps (Figure 3). The
general principle is to minimize the residual between the projected deformed volume and the acquired



projection such that

Tr-pve = Y [Telfu(¢)I€) — p:(§.0)|%, with f, = f(z+u(z,1)), )
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where u(x,) denotes the displacement field for time 7. It is important to distinguish here the discrete
scan turn 7" used in Equation (2) for tomographic volumes from the projection index ¢ used in Equa-
tion (5). The former labels a small number of fully reconstructed 3D images, whereas the latter labels
a much larger number of 2D projections acquired between scans. The projection-based registration
is costlier computationally and more ill-posed than DVC (which is already computationally intensive
and ill-posed). Even though Williams’ fields chosen for integrated DVC have less Degrees of Freedom
(DoFs) compared to FE-based DVC, they still are too numerous for P-DVC calculations. As such, a
reduced basis is selected in the sequel for those calculations.

3 Results

Integrated DVC The integrated DVC analyses are first used to determine appropriate truncation orders
in the Williams’ expansion, and to quantify the crack-front evolution at scan turns. A "Pacman" mesh
composed of 8 layers along the specimen thickness is considered. For each layer (plane), the ampli-
tudes of Williams’ fields are to be determined. Direct calculations were performed (i.e., registering the
deformed configurations directly with the reference one) on the five deformed volumes using different
truncated orders (nyi, was set to —1 in order to locate the crack-front for each plane (with a convergence
criterion of less than one voxel of crack-front offset) and n,,x ranged from 3 to 11). It is observed that the
gray-level residuals decrease when np,,x increases up to npmax = 7, and then reaches a plateau. This result
indicates that the additional degrees of freedom introduced for higher order terms do not improve the
correlation significantly. A similar convergence behavior is observed for the mode I SIF K;, whose value
stabilizes for nn,x = 7. The convergence results on the quantity to be minimized in the cost function
I'pvc (i.e., the global gray level residuals) and the mechanical quantity of interest for LEFM (i.e., Kj) are
thus indicating that ny,i, = —1 and ny.x = 7 for the truncation are a good compromise.

With this selected truncation, the results are analyzed plane by plane. The change of the crack-
front position and mode I SIF for the 5 different scans are displayed in Figure 4. The crack essentially
propagated between scan #3 (in yellow) and scan #5 (in green), which is confirmed by the values of K;
that are essentially reaching a plateau after scan #3 (in yellow).
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Figure 4: (a) Crack length (expressed in voxels) for the 5 analyzed scans depending on the plane of the
mesh. (b) Mode I SIF profiles for the 5 analyzed scans.

Reduced basis construction Integrated DVC runs give access to spatially detailed information about
the fracture process, but it comes at the expense of poor temporal sampling. To get a better temporal
sampling, the projections acquired during loading are analyzed using projection-based DVC [9]. To deal
with the ill-posedness of the problem and to mitigate the computational cost, a reduced order model
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is constructed. To keep a mechanical interpretation of the identified modes, the reduced model is con-
structed with Williams’ fields and not with a pure data reduction (i.e., singular value decomposition)
of the I-DVC fields for instance. This approach is once again "integrated" because it is derived from
mechanical knowledge about the fracture mechanics fields.

Figure 5(a) shows that the first four mode I amplitudes are predominant throughout the different
scans, for n € [0 ; 4]. Moreover, it is observed that there is a strong temporal correlation between aé
and d, as well as between a} and @ with Pearson coefficients in excess of 0.97. Those two pairs of
modes are assembled to get a "loading related mode" including rigid body motion (RBM) as well as a
higher order (n = 3) term accounting for a subsingular mode, and an "SIF related mode" including the
SIF itself as well as the T-stress. Regarding the amplitudes for mode II (Figure 5(b)), the only field that
is needed is @/ (rigid body motion). Since the measured amplitude of displacements in the out-of-plane
direction were very small (i.e., less than 0.7 vx at maximum load), all the fields associated with mode III
kinematics were discarded.
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Figure 5: (a) History of mean mode I amplitudes found via I-DVC for the 5 analyzed scans. (b) Corre-
sponding results for mode II amplitudes.

In addition to these modes, an accurate description of the crack-front position is required for each
projection. A global supersingular mode Y_; is built and a global increment of crack-front motion is
applied to a crack-front position found via I-DVC (with a convergence criterion of less than one voxel
for the absolute crack-front offset). The final set of modes for the reduced basis is gathered in Table 1.
It consists of four vector fields, namely, one associated with the crack-front motion, two with rigid body
motions (in modes I and II), and one with mode I fracture parameters (SIF and T-stress).

Table 1: Four fields used as a reduced basis and the Williams’ fields they include.

Reduced basismode | W_1 | Wrem—1 | WrBM-1I WsiF—1
Williams® fields 9", | ¢} and @} o ¢} and ¢}

Integrated Projection-based DVC The Integrated Projection-based DVC calculations were run as
follows for the last loading step where crack propagation was at play, namely, from scans #4 to #5.
For this interval, the crack-front position determined by [-DVC at for scan #4 was used as the initial
guess. The reduced basis described previously was constructed from the corresponding Williams fields.
For each projection, the crack-front position was found with the global supersingular mode ¥ _1, and the
amplitudes of the other reduced basis modes were measured. This procedure means that it is assumed that
the crack-front morphology is the same during the loading step, which is not totally true (Figure 4(a)),
but it allows one to check whether the mean crack-front position and displacement fields are consistent
with I-DVC results for the subsequent scan.

For the analyzed load step, about 300 projections were acquired and analyzed, which corresponds to
an improvement by more than two orders of magnitude in temporal resolution compared to the number of
available tomographic scans. As for I-DVC, the convergence criterion on the absolute crack-front offset



was set to one voxel. The convergence criterion of the nested Gauss-Newton (GN) algorithm minimizing
I'r_pvc (Equation (5)) was set to 1072 vx for the RMS amplitude corrections of the fields y. Three
iterations were typically needed to locate the crack front for an increment of propagation larger than
1 vx, and the nested GN algorithm converged in less than 10 iterations for all calculations (because of
small amplitude increments between subsequent projections).

The first and last analyzed projections, their corresponding initial (with no displacement correction)
and converged residuals are displayed in Figure 6. The initial residuals, which correspond to the raw
projection difference with no applied displacement, are high (Figure 6(b,e)). The printing pattern as
well as the projected crack front are clearly visible. Moreover, crack propagation is discernible in both
residuals. Figure 6(c,f) shows that the level of the residuals at convergence are very low, thereby giving
confidence in the results. One can also visualize the displacement of the pacman-mesh found by the
procedure as the crack propagated by about 60 vx between those two projections.
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Figure 6: (a) First projection of the analysis. (b) Initial residual for the first projection. (c) Residual at
convergence for the first projection. (d) Last projection of the analysis. (e) Initial residual for the last
projection. (f) Residual at convergence for the last projection.

The crack-front positions found using this procedure for the final loading step are shown in Fig-
ure 7(a). The procedure extracted a consistent crack-front position with respect to that found via I-DVC
(for scan #5), although there is a small RMS difference of 4.9 vx to be linked with model error due to
the assumption that the crack-front morphology is same during each loading step. Figure 7(b) displays
the mean crack length for all P-DVC calculations with force and displacement measurements laid over
with arbitrary units. The associated uncertainty computed as the standard deviation of crack length for
constant stroke prior to the loading phase is equal to 0.15 vx, which is remarkably low. The drops in force
are perfectly matching fast crack propagation events, thus giving confidence in the reported results. It is
worth noting that the final drop in force after the prescribed displacement was set (i.e., from increment
246 on) is attributed to crack propagation still occurring after the end of the loading step.

Figure 7(c) shows the mean mode I SIF K; for all P-DVC calculations. The associated uncertainty
computed as the standard deviation of K; for a constant stroke prior to the loading phase is of the order
of 1073 MPay/m, which is 3 orders of magnitude lower than the values reached herein. The mode I SIF
levels are steadily rising at the beginning of loading until fast crack propagation events (seen previously)
arose. It is worth noting that K; was not constant during propagation. This fluctuation is attributed to the
fact that this loading step was performed in a specimen with a crack that already propagated significantly.
As for the previous observations, the main drops in force are perfectly matching drops in K levels. The
sudden drops in force are to be linked to sudden crack propagation through a complete "unit cell” of



the printing pattern. Those drops in force correspond to sudden crack advance of about 8 vx, which
translates into 0.8 mm that is the characteristic length of the printing pattern (the filament was deposited
with a 0.4 mm width and with a 50% infill the same width was left unfilled before printing again).
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Figure 7: (a) Crack length found via P-DVC for the projections acquired during the final load step (dashed
lines with color hues representing time), and compared to [-DVC crack-fronts in solid lines. (b) Mean
crack length and (c) mean mode I SIF K; for all the P-DVC calculations (color hues representing time)
in addition to force and displacement measurements displayed with arbitrary units. (d) Mean mode I SIF
K; as a function of mean crack length (I-DVC results for scans #4 and #5 are depicted with crosses).

The history of mean crack length vs. mean mode I SIF K; is reported in Figure 7(d). The I-DVC
results for scans #4 and #5 are also displayed (crosses) for comparison purposes. The cracking response
of the studied material during this loading increment is complex, alternating a steady front position (for
which the force and SIF vary in a quasi linear manner) at the beginning of loading, followed by discrete
depinning-pinning steps. Remarkably, each propagation step is accompanied by a quasi constant SIF
level, even though these levels change for each of them. Without P-DVC, it would not have been possible
to capture this complex behavior as well as the fact that values of K; were greater (by about 15%) during
this loading step than those measured via [-DVC.

4 Conclusion

A proof of concept of projection-enhanced DVC has been presented when applied to an in-situ fracture
experiment. The proposed framework combined integrated DVC with a mechanically informed reduced-
order basis in order to exploit projections acquired on the fly during loading steps between tomographic
scans. The 3D displacement fields, crack-front locations and mode I SIFs were successfully measured
using those projections. The measurements were carried out on a mechanics-informed and reduced basis
via integrated projection-enhanced DVC.



The approach has been demonstrated on a 3D-printed polycarbonate CT specimen produced by FDM.
Approximately 300 projections have been analyzed between each standard DVC loading step. The P-
DVC results revealed a complex cracking response involving alternating phases of energy storage at
nearly fixed crack length and rapid propagation events at nearly constant K;, with propagation increments
that were comparable to the characteristic length of the printing pattern. Such information is of direct
interest for understanding the interplay between fracture mechanisms and the mesostructure of additively
manufactured materials.
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