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Résumé — Computational homogenization with fast Fourier transforms (FFT) is usually formulated
on a uniform grid. The spatial convergence is here improved by transforming the grid into a boundary-
conforming one. The mechanical problem is discretized using the finite element method (FEM), with
isoparametric transformation of elements and application of the Green operator in the pulled-back confi-
guration. Numerical investigations confirm that the homogenized properties and the local fields obtained
on boundary-conforming grids have much faster spatial convergence than uniform grid ones.

Mots clés — Computational homogenization, Fast Fourier transform, Green operator, Finite element
discretization, Grid adaptation

1 Introduction

The macroscopic mechanical properties of heterogeneous media can be determined by homogeniza-
tion from the resolution of a boundary value problem defined on a Representative Volume Element (RVE)
of the microstructure. Methods based on the Green operator and fast Fourier transform (FFT), pioneered
by Moulinec & Suquet [10], have emerged as an efficient alternative to the finite element method (FEM)
for computational homogenization (see reviews [11, 9]). These methods draw their efficiency from the
combination of a matrix-free implementation, a cheap application of the Green operator in the Fourier
space using FFT, and a favorable spectrum of eigenvalues of the discretized system of equations.

The spatial accuracy of early FFT-based methods suffered from both ringing artifacts due to the dis-
cretization on a trigonometric basis and a poor description of boundaries between constituents due to the
uniform discretization grid. Ringing artifacts can be addressed by the use of alternative discretizations,
such as finite differences or finite elements [12, 8].

Yet, in a uniform grid, elements usually fail to conform to material boundaries. This introduces a
loss of accuracy near boundaries between material phases. In the case of a discontinuous and piece-
wise constant stiffness field on subdomains with C2-smooth boundaries, first order Lagrange FEM with
boundary-conforming elements yields /' convergence of the FEM solution uy, to the exact one u in H>
norm, and A2 convergence of the homogenized stiffness. If the mesh does not conform to the boundary,
as for uniform grids, the rate of convergence of uy to u can drop to h'/2, and that of the homogenized
stiffness to 4! [1]. Further, using elements non conforming with material boundaries compromises the
potential accuracy gains of higher-order FEM discretizations. To overcome these limitations, one solu-
tion is to enrich the discretization space at boundaries using X-FEM [6]. Another solution is to transform
the uniform grid, as recently investigated for discretizations with finite differences or trigonometric basis
[13, 2, 14].

The present contributions, which summarize and complement [3], are as follows :

1. Formulate the grid transformation in the classical framework of isoparametric FEM, with the
Green operator and FFT applied in the pulled-back configuration;

2. Investigate the spatial convergence of the numerical solution and the number of iterations of the
linear solver, for uniform and boundary conforming grids.



2 FFT-based method with finite element discretization and isoparametric
grid transformation

2.1 Homogenization problem in small strain linear elasticity

A periodic unit-cell Q = [0,L;] X -+ x [0, L] of the material occupies the d-dimensional real space
R? (d =2, 3), where L; > 0 are the side lengths of Q. Let ¥/ = {u € H'(Q) | Q — periodic,u = 0} stand
for the set of periodic, first-order vector fields with null average over the RVE Q belonging to the first
order Sobolev space H'(Q).

The weak formulation of the homogenization problem in small strain linear elasticity is

findu € V, such that Vv € V/, / V¥y:C: (E4+V¥"u)dx =0. (1)
Q

In (1), u denotes the fluctuation displacement, E the macroscopic strain and C the stiffness. The micro-
scopic strain is € = E 4 V*¥™u and the microscopic stress is o = C : €. The homogenized stiffness CP*™
relates the macroscopic stress & to the macroscopic strain E = € by & = Ch™ : €, where the overbar
denotes the volume average over Q.

2.2 Finite element discretization on uniform grids

The unit cell £ is decomposed in N, = Ny X - - - x N, periodic reproductions B, of a reference pattern
Po. The Cartesian index p € I(N) = {0...N; — 1} x --- x {0...N; — 1} denotes the pattern position in
the grid. Each pattern #;, contains N, elements Eg and N, quadrature points xp, where e € {1,...,N,}
and g € {1,...,N,} are the element and quadrature point indices in the reference pattern. There are N,
nodes x, N;,N, elements and NN, quadrature points xp in the grid. The stride of the pattern, equivalent
to pixel/voxel edge lengths, is h such that h; = L;/N;.

Nodal values of the displacement up = u(x}) are assembled in a vector of degrees of freedom
u = {Up}pe ) containing dN,, scalars. Periodic shifts s € {—1,0, 1}¢ of Cartesian grid indices are
introduced to refer to a pattern %, s adjacent to a pattern P,. The sum p + s must be understood per-
iodically and element-wise, such that p + s € I(N). The nodes of an element g are at positions xp g,
where shifts s € ¢ C {0,1}“. At a point x of an element L. displacements are interpolated from nodal
values by interpolation functions ¢¢ of the reference element £§ C P,. For y = x — ph € Ej§, interpola-
tion functions of ¢% verify ¢g(yp;,) = 1 if r = s else O for all shifts r,s € S°. Hence displacements at
a point x of an element Zg are interpolated as :

u(x) = ) Ups05(y) where y=x-phe %5 2)

sEse

The gradient of displacement at quadrature points xp, of an element Zg is then

Vil = Y e @BL where BY= Vo5 (yY) ®)

scs¢
All gradients at quadrature points are gathered in a vector Vu = {Vug,}p6 1().qe{1,...N,} of size dszNq.
The discrete gradient operator B of size dszNq X dN,, obtained by assembly of the BZ, is defined such

that Vu = Bu. Similarly, the operator B of size dNp,Ny x dN), of the symmetric gradient, where d, =
d(d+1)/2, is such that VY™ u = Bu. After Gauss quadrature, the discretized weak form (1) becomes

.....

vv € RNy vTBTWC(E +Bu) =0, 4)

where v is the vector of nodal values of the test displacements, C and W are the d.N,N, x d.N,N,
block-diagonal matrices containing the stiffness at quadrature points and quadrature weights, and E is
the d.N,N, vector built from the uniform macroscopic strain E. Equation (4) corresponds to the linear
system

Ku = f where K = B’WCB and f = —B” WCE ®)

In (5), Kis the dN,, x dN,, stiffness matrix and f the vector of generalized forces due to the macroscopic
strain.



2.3 Finite element discretization on transformed grids

Geometrical transformation of the grid To discretize the problem on a non uniform yet structured
grid, two grids are now introduced. The uniform grid is transformed into a structured grid by the mapping
x = ®(X) = X+ ug(X) from the computational domain & to the physical domain Q. The mapping displa-
cement Ug(X) belongs to H'(Q) and is Q-periodic. The fluctuation displacement u(x) in Q is mapped
from Q by #i(%X) = u(®(X)), where ii € V. The gradient of the displacement Vu = du/9x in the physical
domain Q is related to the gradient Vii = dii/0% in the computational domain Q by chain rule

- ou -

Vu:g:Vu-F where F=V® ; J=det(F). (6)

The weak formulation (1) of the homogenization problem in the physical domain € is pulled back to

the computational domain Q :

vV € fV/ sym(Vv-F1):C: (E+sym(Vii-F1))Jdgk = 0. @)
Q

Isoparametric transformation We consider an isoparametric transformation of the elements of the
uniform grid [5]. Each node X € Q of the uniform grid is thnsported atxg =X+ qu?(ig) in Q. The per-
iodic nodal mapping displacements are stored in a vector Ugp. A point X in the element Zg is transported
at x in the element Zg by interpolation as in (2), and the fluctuation displacement u is interpolated from
nodal values U in the computational grid as follows

X=X+up(X) =%+ ZE(IE)P+S¢‘;(9)
u(x) = (x) =) Upis05(F)

scs¢

where §=%—ph e . (8)

The gradient of the displacement u at quadrature points X = Xp + ug(Xp) follows from (6) as

~ 1 . ~ _\4
— Vg (FY)"' with FL =T+ (qu,)p, ©)
where Vii = Bii and Vug = Bug from (3).

Transformed discrete problem The Gauss quadrature approximation of the pulled-back weak for-
mulation (7) leads, as in (4), to the discretization of the homogenization problem (1) on a transformed
grid
Ki=f where K=B'WEBandi=—B'WCE, (10)

where W is the dszNq X dQNPNq diagonal matrix built from the quadrature weights of the uniform
grid. Note that a quadrature approximation which is exact on the uniform grid (for example N, =4 on a
bilinear quadrilateral element) can result in an inexact integration on the transformed grid.

In (10), C is the dszNq X dszNq block diagonal matrix built from the pulled-back stiffness tensor
C defined as [2] :

Cijie = JF},) CoingFry (11

where F and J = det(F) are obtained at each Gauss integration point as in (9). The fourth order tensor C
is positive definite, possesses the major symmetry but not the minor symmetries.

The r.h.s. is formally constructed in (10) from the pulled-back stiffness and the pulled-back macro-
scopic strain E defined at quadrature points as the second order tensor EZ, =E- FZ,; The strain E is neither
symmetric nor uniform. In practice, the explicit computation and storage of B, C, W and E are avoided
by using an operator based implementation, see [3].
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FIGURE 1 — Temperature gradient field for the diamond inclusion case on 20? uniform (top) or transfor-
med (bottom) grids.

2.4 Resolution by preconditioned conjugate gradient with Green preconditioner

The linear system (10) is symmetric and positive, semi-definite. It is efficiently solved using the
preconditioned conjugate gradient (PCG). However, the condition number of the stiffness matrix K or K
deteriorates significantly as the grid size is increased.

In FFT-based methods, the application of the Green operator can be interpreted as a geometrically
optimal preconditioner [8]. Namely, a reference stiffness matrix Kg is defined on the uniform grid as
in (5), where the heterogeneous stiffness field C is replaced by a homogeneous reference stiffness C.
The matrix Ky is circulant, and its discrete Fourier transform is block-diagonal [8, 3]. As a result, its
pseudo-inverse, referred to as the Green operator Gy, can be efficiently applied in the Fourier space.

The resolution of the linear system (10) by PCG with preconditioner Ky is equivalent to the resolution
of the system GoKii = Gof by conjugate gradient. The spectrum of eigenvalues of the matrix GoK can
be bounded from the local eigenvalues of C; L. C [8]. As a result, at least for uniform grids, the bounds
on the condition number of the preconditioned system do not deteriorate as the grid size is increased.
However, the transformation gradient F of the grid, involved in € (11), can deteriorate the spectrum of
eigenvalues of the preconditioned system as compared to the one obtained on a uniform grid.

3 Numerical investigations

3.1 Test cases and numerical set up

Three two-dimensional test cases (d = 2) are investigated. The first consists in diamond inclusions,
for a heat conductivity problem. The second is Hashin’s composite inclusion, and the third comprises
randomly positioned, non-overlapping disks, both in plane strain elasticity. The two first cases benefit
from analytical solutions. Three dimensional test cases investigated in [3] lead to similar conclusions.

Diamond inclusions The diamond inclusion case (see Fig. 1) consists in two diamonds, or squares
inclined at 45 degree w.r.t. to the discretization grid. Squares are positioned on an inclined checkerboard
pattern, to benefit from the analytical solution provided in [4]. The conductivity of the diamond inclusions
is 10I and that of the matrix and the reference medium is I. The macroscopic temperature gradient is set
to Vu =e,.
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FIGURE 2 — Strain field for the composite inclusion case on 202 uniform (top) or transformed (bottom)
grids.

Hashin’s composite inclusion Hashin’s composite inclusion [7] (see Fig. 2) consists in a composite
cylinder with a soft core and a stiff shell, surrounded by a matrix. The inclusion core (i = 1), shell (i =2)
and the matrix (i = 3) have uniform isotropic stiffness C; with Lamé parameters A;, u; and bulk modulus
K; = A + 2u;/d. The core radius is Ry = 0.3, shell radius R, = 0.4 and unit cell edge length 1. A plane
isotropic load E = I, is applied. The composite inclusion is neutral provided the matrix bulk modulus x3
is set to the equivalent bulk modulus of the inclusion k"™ = 1, [1 —dad/ (1 + ad)] where ¢ = (R /R,)?
and a0 = d(x2 — K1) /[(d — 1)2u2 + dx,]. In that case, € = I; in the matrix and (14 o)/(1 + o)Ly in
the core. The shell moduli are set to A, = 1, u, = 0.5 and the core stiffness to C; = 0.1C;. The matrix
bulk modulus K3 is set to k'™, and its shear modulus w3 set such that Cj is a scalar multiple of C,. The
reference stiffness is Cy = C,.

Random disks The last case consists in 25 non overlapping disks of radius R = 0.05, which are posi-
tioned by a random sorption algorithm in a unit cell of side length 1 (see Fig. 3). The matrix moduli are
set to Ay = 1, up = 0.5, the inclusion stiffness to C; = 0.01C; and the reference stiffness to Cy = C,.
The macroscopic strain is set to e, ® ey.

Discretization The diamond and composite inclusion cases are discretized on grids from 20? to 25607
nodes, and the random inclusion cases on grids from 40? to 2560 nodes. Three types of patterns are
considered : one bilinear quadrangular Q; element with either N, = 1 or 4 quadrature points, or two
linear triangular Py elements, each with one quadrature point, for a total of N, = 2 quadrature point per
pattern. Strain is evaluated only at the center of mass of the elements during the post-processing.

Grid adaptation The grid adaptation is performed as follows. First, all patterns are labeled to belong
to a material phase depending on the position of their center. Then, nodes belonging to adjacent elements
with different labels are defined as boundary nodes. These nodes are orthogonally projected on the actual
nearest boundary. If two boundary nodes become too close after projection, generating excessively flat
elements, they are relocated. After this step, some nodes adjacent to boundary nodes may be too close to
boundary nodes. The grid is thus relaxed by setting the mapping displacement of all non-boundary nodes
equal to 1/3 of the sum of mapping displacements of the 3¢ nodes of adjacent patterns.
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FIGURE 3 — Strain field for the random inclusion case on 60% uniform (top) or transformed (bottom)
grids. Reference is obtained on a transformed 12807 grid of Q; elements with N, =4.

3.2 Quality of solution fields and spatial convergence

Fields of the temperature gradient or strain of the numerical solution are shown in Figs. 1, 2 and 3.
For the three cases and the three types of discretization, the boundary-conforming grid adaptation syste-
matically leads to a strong improvement in the quality of the fields. Large errors at material boundaries
obtained on low resolution uniform grids are cured by the grid adaptation. The Q; elements with reduced
integration (N, = 1) are known to introduce hourglassing of the solution fields on uniform grids. This
hourglassing manifests much less on transformed grids, at the exception of the strain in the very soft
random inclusions. Patterns with Q; elements and N, = 4 quadrature points visually lead to the most
accurate solution fields.
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FIGURE 4 — Root mean square error (RMSE) on temperature gradient (a) or strain (b) fields.

These qualitative observations are confirmed by quantifying the root mean square error of the solution
fields as compared to the exact solutions for the diamond and composite inclusion cases, see Fig. 4. Tem-
perature gradient or strain fields obtained on uniform grids show a h'/2 spatial convergence, as expected
from [1]. In turn, the temperature gradient in the diamond inclusion case shows a h3/# convergence, while
the strain field in the composite inclusion case shows at least a 4! convergence. Indeed, the solution to the
diamond inclusion case is not smooth enough due to a singularity at the diamond tips, while the solution
to the composite inclusion has sufficient smoothness.



107
v
_ -}
= v S 102k v : g -
v, b % —" DS S |
g v = @ . SR - L) N o=
S 3L ] 3 H10- -~
3,10 v a o e \bm == — g s2107%F oo x
- 2 =5 x <3 PE *
c P o e c o 2 §) o
o v //l/ a2 010—4 L v c ) - m v A
5 T 7 . 5 o L s S e 2 S 4
= A = s v o ‘o
o P . TR A, £ A =
o p » 9] [ Pl
> s <& > A o S
=] g ,' =} A > & ol
© &7 LEg— & - S0 o
[ . - B 10Q: 4 quad uniform 015 - 1" [ 0°F M 1Q: 4 quad uniform 0.76- 4" o A o L0
< * 0 1Q: 1 quad uniform 0.89 - 1" & _~~ | O 1Q: 1 quad uniform 0.86 - 1"** [ A 7 0 1Q1 4 quad uniform ll})b 7o
106k ¥ 2P: 1 quad uniform 0.33- h" "‘ P Y 2P: 1 quad uniform 1.56 - h"*| & v %8)11 q"ag unlfform ?’,‘,1 ;'m
* 1Q: 4 quad transform 0.07 - h; :" 1w’ 9 1Q: 4 quad transform 0.36 - hj:” u * 10l 4qm:1aad légnosrfr:r:")gh, 2
<> 101 1 quad transform 0.21 - ' & < 1Qu 1 quad transform 0.31 - b / S 10‘ by quad o torm .04 5T
A 2P 1 quad transform 0.8 - 1" A 2P 1 quad transform 2.02 - h o & 2P. 1 quad transform 052 &'
L : , 108 L : . | .
1073 1072 107! 1073 1072 107! 102 10t
element size h/L element size h/L element size h/R
. . : hom o . hom . : hom
a) diamond inclusions C}X¥ b) composite inclusion C}0 ¢) random inclusions C9
Xx XXX XXX

FIGURE 5 — Relative error on the homogenized conductivity (a) or stiffness (b,c).

Similarly, the spatial convergence of the homogenized conductivity or stiffness is shown in Fig. 5.
The exact stiffness is not known for the random inclusion case, but a reference value is determined by
extrapolation of results on several fine grids to the limit #/R — 0. Homogenized properties obtained on
uniform grids show a A! spatial convergence, while those on uniform grids show a 4? convergence for
the composite and random inclusion cases. These rates are expected from [1] for sufficiently smooth
exact solutions. For the diamond inclusion case, with non smooth material boundaries, the rate drops to
roughly #3/2.

In all cases, the boundary-conforming grid adaptation leads to a significant reduction in the errors. On
boundary-conforming grids, quadrangular bilinear Q; elements appear to perform better than triangular
P, elements for the three investigated test cases.

3.3 Influence of grid adaption on the number of iterations of the linear solver

The grid adaptation comes at a price : the eigenvalue spectrum of the preconditioned operator is
usually less favorable on a transformed grid than on a uniform one [2, 3]. Fig. 6 shows the number of
iterations of the preconditioned conjugate gradient (PCG) required to reach a tolerance of 10~'° on the
relative norm of residual (w.r.t. to that of the r.h.s.) in preconditioner norm.

On uniform grids, the number of iterations shows mesh insensitivity as the grid size is increased. The
mesh insensitivity results from the preconditioning by the Green operator [8], and is one of the greatest
asset of FFT-based methods. As the grid is transformed, the number of iterations of PCG is increased by
a factor 2 for the diamond inclusion case, a factor 3 for the composite inclusion one and nearly a factor
4 for the random inclusion case. It shows a mild sensitivity to the grid size.
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FIGURE 6 — Number of iterations of the preconditioned conjugate gradient.



4 Conclusion

The technique of grid adaptation for FFT-based methods is here formulated for a FE discretization
using the well established formalism of isoparametric transformation of elements. The numerical scheme
can be efficiently implemented using a matrix free, operator-based implementation [3]. The Green ope-
rator is used as a preconditioner in the pulled-back computational grid. The linear system is efficiently
solved using the preconditioned conjugate gradient (PCG).

Through a series of numerical experiments, we show that transforming the discretization grid to
conform to material boundaries leads to a strong increase in the quality of the solution fields. Conver-
gence estimates for uniform or boundary-conforming meshes are retrieved : provided the exact solution
is smooth enough, a boundary-conforming grid adaptation can shift the rate of spatial convergence of
the numerical solution strain to the exact one from /'/2 to h, and that of the homogenized stiffness from
h to h?. In the mean time, the number of iteration for convergence of the PCG is increased by a factor
2 to 4 when the grid is adapted, and remains almost independent on the grid resolution. Overall, the
computational overhead brought by grid adaptation is moderate, while the gain in accuracy is large.
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