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Résumé —

This work addresses the polytopal discretisation of an induced seismicity model accounting for fault
reactivation and slip driven by subsurface fluid injection. The model couples single-phase Darcy flow
in both the porous matrix and the fault network with a poroelastic mechanical response in the bulk and
fault slip governed by a rate-and-state friction law. The contact mechanics problem is discretised using
the Virtual Element Method with bubble stabilisation of the Lagrange multiplier. It is combined with a
Hybrid Finite Volume scheme for the mixed-dimensional Darcy flow model.

Mots clés — Rupture dynamics, induced seismicity, polytopal discretisation, Virtual Element Method,
adaptive time stepping

1 Introduction

Subsurface resources such as deep geothermal energy, underground hydrogen storage, and geological
CO2 sequestration have become crucial pillars of the energy transition and sustainable development.
However, injecting or extracting fluids into or from the subsurface modify the pressure and stress state
of the surrounding rocks, often extending far beyond the injection point. These changes can potentially
trigger fault reactivation, including earthquakes (see Figure 1). Such phenomena pose seismic risks that
must be better understood and mitigated to ensure operational safety, reduce risks to nearby populations,
and enhance the social acceptance of these projects. If it remains sufficiently low, this induced seismicity
(then referred to as microseismicity) raises no issue and can even contribute to site monitoring. However,
the ability to predict and mitigate the risks of induced seismicity is key for sustainable exploitation of
the subsurface. In recent years, anthropogenic activities in storage reservoirs have triggered earthquakes
with magnitudes up to 6, high enough to cause damage, in regions where natural seismic activity was
otherwise low. A recent example is a magnitude 3.9 earthquake in Vendenheim, Alsace, which led to the
closure of this deep geothermal site in 2021.

In this context, numerical simulation stands out as a key tool for better understanding, predicting,
and managing these phenomena. It allows to account for coupled multiphysical processes underlying
induced seismicity, evaluating the potential impacts of human activities on the subsurface, and designing
strategies to minimize associated risks. At sufficiently large spatial scales, the models are based on a
represention of the faults as interfaces equipped with mechanical properties (normal stiffness, friction
laws, etc.) and hydraulic properties (aperture and hydraulic conductivity). The physical model couples
Darcian fluid flow in the porous matrix and the fault network, the poro-elastic deformation of the rock
in the matrix domain, as well as the highly nonlinear frictional slip laws along the fault network. An
essential feature is the dynamic nature of the friction law, commonly described by a Rate and State law
[4, 7] and for which the friction coefficient depends on the slip velocity and a fault state variable. The
decrease of the normal traction with the fault pressure is the source of the potential fault reactivation
which can further accelerate slip and induce seismicity when the friction coefficient and consequently
the resistance to slip decreases with the slip velocity.

This work presents a polytopal discretisation to simulate these coupled processes, taking into ac-
count 3D fault networks and dynamic rate and state friction laws. The spatial discretisation is polytopal
to cope with the complexity of geological meshes. It is based on the mixed Virtual Element Method



with bubble stabilisation introduced in [2] and here extended to quasi-dynamic models. The mixed-
dimensional Darcy flow model is discretised with an Hybrid Finite Volume scheme [1]. It is combined
with an adaptive time integration in order to capture the very large time scale contrasts (up to 6 orders
of magnitude) between the different phases of induced seismicity, ranging from pressure buildup to slip
onset, from aseismic slip to seismic slip, and finally to slip arrest.

2 Quasi-dynamic poromechanical model

We let Q C R, d € {2,3}, denote a bounded polytopal domain, partitioned into a fault domain I" and
a matrix domain Q\T. The network of fractures is defined by I' = (J,; I';, where each fracture I'; C Q,
i € I is a planar polygonal simply connected open domain (see Figure 2). The two sides of a given fracture
of I' are denoted by = in the matrix domain, with unit normal vectors n™ oriented outward from the sides
4. We denote by 7, the trace operators on the side a € {+,—} of " for functions in H'(Q\I')¢ and by
Y% the normal trace operator for functions in Hgy, (Q\I')¢. The jump operator on I" for functions u in
(H'(Q\I'))¢ is defined by

[u] =viu—v_u,

and we denote by [u], = [u] -n* and [u], = [u] — [u].n" its normal and tangential components. The

FIGURE 1 — Model representing the fault network as interfaces with the main variables of the model,
namely the displacement field u, the pressures in the matrix p,,, and in the fault network py.

symmetric gradient operator € is defined such that £(v) = 3(V v+ (V v)) for a given vector field v €
H'(Q\T')?. Let S denote the slip and § = 9,S the slip velocity along the fracture network I, the quasi-
dynamic model [7, 6, 3] couples the mechanical equilibrium at given jumps

( —dive'(u,pm) =f on (0,7) x Q\T,
gT (u) =Ag(u) —opn I on (0,T) x O\T,
TH+T- =0 on (0,7) x T, (1)
[u] =G on (0,7) xT,

( [u]- =S on (0,7) x T,

with boundary conditions on the fractures that combine Rate and State Friction (RSF) under the aging
state law and the radiation damping approximation to elastodynamic stress changes caused by seismic
wave radiation :

T,=T, Frsr(|S],0) —=—mS on(0,7)xT,

. 3] 2
8,621—’2‘9 on (0,7)xT,
using the regularized RSF model
Frsr(w,0) = aarcsinh [W exp <1(fo+bln(vO 9)>] . 3)
2vo a d,
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In the equations above, 8 denotes the state variable accounting for the maturity of the fault asperities, M
is the radiation damping coefficient, G is the gap function, a, b, d., fy, vo are the given RSF parameters
along the fault, o is the Biot coefficient, and A is the fourth order elasticity tensor. In (1) and (2) the
contact tractions are defined by

ZaZYZgT(z,pm)+pm“ on (0,7)xT,a€ {+,—},
T,=T"-n", on (0,7) xT,
T,=T"—(T*-n")n" on(0,T)xT.

The quasi-dynamic model (1)-(2) is coupled to the following mixed-dimensional Darcy flow

at¢m "’diVKm = hm on (0, T) X Q\f,
V= —%’(Ypm -pg) on (0,T) x Q\T,
atdf—i_div‘l'zf - [[Km]]n = hf on (0, T) x T, 4)
c
Vi==2pr—pg,), on (0,T) xT,
d.
%V =N (¥ pw—pr+3pg ) on(0,T)xT.

In the above formulation (4), u represents the dynamic viscosity of the fluid, ¢,, is the porosity of the
matrix, K, denotes the permeability tensor of the matrix, p the fluid constant specific density, and g the
acceleration of gravity vector. The terms h,, and iy on the right-hand side represent fluid injection or
production sources. The fracture aperture ds determines the fracture conductivity Cr following typically
the Poiseuille law Cy = d?p /12. Similarly, the fracture normal transmissivity Ay is defined as 2Ky, /dy,
with K , representing the normal permeability of the fracture.

The model is completed by typically assuming that the pressure p is continuous at fracture intersec-
tions and by boundary conditions on p,, along dQ and on ps along JI' N Q. Homogeneous Neumann
boundary conditions are classically applied to p at the fracture tips on dI"\0Q.

The poromechanical model (1)-(2)-(4) is closed by the following coupling laws

{ 0/ 0m = oudiv () + %atpm on (0,7) x Q\T,

©)
3y = —0,[ul, on (0,T) x T

The first equation accounts for the linear isotropic poroelastic constitutive law for the porosity ¢,,, with
M denoting the Biot modulus. The second equation specifies the fracture aperture d ;. Note that since the
model assumes a contact state, we have [u], = G.

The gap function models the mechanical behavior of the fault asperities. It typically accounts for
shear dilation using the gap function G(u) = —tan(y)|[u — u°] |, where  is the shear dilation angle. It
can additionally account for normal compliance with G(u,T,) = —% — tan(y)|[u — u°] |, where K, is
the fault normal stiffness, and u° is the initial displacement field.

3 Space and time discretisations

3.1 VEM-bubble space discretisation of the quasi-dynamic model

The space discretisation of the quasi-dynamic model is based on the VEM-bubble nodal polytopal
method introduced in [2] for quasi static contact-mechanical models with Coulomb friction. This discre-
tisation is based on a mixed formulation using facewise constant Lagrange multipliers along the fault and
the first order nodal polytopal Virtual Element Method (VEM) for the displacement field stabilised by
discrete vectorial bubble unknowns on one side of each fracture face. This method has the advantage of
leading to a diagonal coupling operator for contact, which facilitates its coupling with dynamic friction
models on general fracture networks.

3.1.1 Polytopal mesh and discrete spaces

We consider a polyhedral mesh of the domain €, conforming to the fracture network I'. For each cell
K, we denote by hg its diameter and by |K| its measure; we also denote by |G| the (d — 1)-dimensional



measure of a face 6. The set of cells K, the set of faces G, the set of edges e and the set of nodes s are
denoted respectively by M, F, E and V. Let us denote by Fx and Tk the set of faces and nodes of a cell
K, by ‘s the set of edges of a face 6, and by M the set of cells that contain the face ¢ We assume the
existence of a subset of faces #r C F such that I’ = Js 4. G. The mesh is assumed conforming in the
sense that the set M of neighboring cells of 6 € F is either Mg = {K,L} for an interior face 6 € F™ (in
which case we write 6 = K|L), or Mg = {K} for a boundary face 6 € F. It is assumed that F C F ™
and, if 6 = K|L, that K and L are ordered such that ng; = n™ and n;; = n~, where ngg (resp. ny;) is the
unit normal vector to ¢ oriented outward of K (resp. L).

We denote by 7' and E°*' the boundary nodes and edges. For each 6 € F, ng, is the unit normal
vector to e € F4 in the plane spanned by ¢ oriented outward to G.

The degrees of freedom (DOFs) for the displacement are nodal (attached to the vertices of the mesh),
but could be discontinuous across the fracture network. To be more specific, let us first define a partition

M of the set of cells M, around a given node s € V. For a given cell K € M, we denote by K €
M the subset of M such that (J;«,L is the closure of the connected component of (Upear L) \T
containing the cell K. In other words, Xs is the set of cells in M that are on the same side of I" as K. A

nodal displacement unknown Vs is defined for each Ks € M ;. Let us note that there is a unique nodal
displacement unknown v 4 at a node s not belonging to I', since M ; = M in that case. On the other hand,
for a fracture node s, the nodal displacement unknown v 4 is the one on the side K of the set of fractures
connected to s. Additionally, on the positive side of the fracture, we attach to each face a vector DOF
corresponding to a “correction” of the face values generated by the nodal DOFs;; this correction plays
the role, at the discrete level represented by the space of DOFs, of a bubble function and is introduced
to ensure a suitable inf—sup condition between the space of Lagrange multipliers and the jump of the
displacements.
For each K € M, we denote by

TrJfKZ {GGTFHTK DR n” >0}

the set of faces of K that lie on the positive side of I' (that set is empty if K does not touch I' or only
touches it from its negative side). According to the discussion above, the discrete space of displacement
is

Uy = {Yh = ((XKS)Kseﬂﬁseqﬂ (YKG)KeM,oefer) Vx5 © R, vio € Rd}7
with
Uno = {1, € Uyt vy, =0if s€ Vo), ©6)

The Lagrange multiplier plays the role of approximations of 7 on I'. Its space is made of piecewise
constant vectors :

M, ={)\, € L) : Ay = (M)jo is constant for all 6 € Fr}.
For A, € My,, we define its normal and tangential components by
xh,n = &h 'EJF, Lh,-,- = lh - }\'h,nﬁ+~

Let us refer to Figure 2 for an illustration of the displacement and Lagrange multiplier discrete unknowns.

3.1.2 Reconstruction operators in Uy,

We first define, for each K € M and ¢ € Fk, a tangential face gradient vko . Upo — PO(c)xd
and tangential displacement reconstruction IT%° : Uy, o — P!(c). First, we choose nonnegative weights
(0F) e, to express the center of mass X; of 6 in terms of its vertices X5 = Ycq), 07X,  Ycqs @F = 1.
Then, for v, € Uy o, we set

VKcvh: L Z ’8‘27@1 TV, n
= = —=0e?’
o ‘G‘ e=s515€Es 2 (7)
0%y, (x) = V0, (x —X5) + ks VX €O, where Tgo = ) 0Fvg,.
s€Vs



FIGURE 2 — Example of discrete nodal u4, and bubble ug; displacement unknowns, and of Lagrange
Multiplier unknown A.

Above, we have noted e = sy, to indicate that the edge e has vertices s1, s».
If 6 € Jr is a fracture face, and K (resp. L) is the cell on the positive (resp. negative) side of G, we
define the displacement jump operator on 6 as [-] : Upo — P°(6)? such that, for all v, € Uy,

1
vils = o] /G(HKGEh —10v,) + ks = Vks — V15 + Vio- (®)

The normal component of that jump is denoted by [, =[] - xs-

For each cell K € M, we select nonnegative weights (0X )scq of a linear decomposition of the
center of mass Xx of K in terms of its vertices Xg = }icq) ofx,, Ysev of =1, and we design a
gradient reconstruction XK : Upo — PO(K)4xd
by setting, for v, € Uy,

and a displacement reconstruction ok Upo — PI(K )d

1 _ c
XKEh =K Y [0]vks @ngs + K| Ko ® g )
| ‘ ocFx GGTFJ,FK | |
O, (x) = VX, (x— %) +7x  Vx€K, wherevg= Y ofvy,. (10)

NS 'VK

These local jump, gradient and displacement reconstructions are patched together to create their
global piecewise polynomial counterparts [, : Un0 — P°(#r)?, zh : Upo — PO(M) > and " : Uy o —
PI(M)? : for all v, € Uy,

([[Khﬂh)\c = [vils Vo € Ir, (zhkh)m = zKXh VK € M, (Hhkh)\l( = HKE/, VK e M.

. . ~h ~h
We also define the cellwise constant reconstruction operator IT v, : Uy o — P?(M )¢ such that (I i)k =
V- Finally, the discrete symmetric gradient g, (.), divergence divj(.) and stress tensor (., .) are deduced
from the previous operators :

1 .
g = E(zh + (zh)t), div, = Tr (gh) and o, (u,) = Ag, (1),

where Tr denotes the trace operator.

3.1.3 Mixed-variational formulation

We now introduce the numerical scheme for the mixed-variational formulation of the mechanical
problem (1) : given S, € My, and the respectively cellwise contant and fracture facewise constant matrix
and fault discrete pressures (IT)" p’,?,Hf: p£ ), find (u;,,A,) € Uy x My, such that, for all (v, Hh) e Upp x
Ml’l’

/Q 0, (up) =&, (v,) + San (up,vy) — /Q o I pp divi vy

+/FH£P£ Hyhﬂh7n+LLI1'ﬂyhﬂh :/Qi'ﬁhym (11)

/Fuh,n ([uplnn—G) +/1"E’” ([up]nr —S,) =0.



Here, Sa , is the scaled stabilisation bilinear form defined by

San(uy,vy) = Y, |K|AkSk(uy,v;)
KeM

where Agx = ﬁ max; j i [x Ai j k,dx, and with local stabilisation bilinear form Sk : Up, o x Up0 — R given
by
Sk (g, vp) = hi” Y (e =05y (%)) - (v =0, (1)) + i Y st~ Vo (12)
s€Vk o Fx
3.2 Mixed-dimensional Darcy flow space discretisation

We consider the Hybrid Finite Volume (HFV) discretisation of the mixed-dimensional Darcy flow
model introduced in [1]. It is based on the vector space X, = X;"" x X}{ of discrete pressures pj, = ( Py pif )
(see Figure 3) defined by

X/:n = {PZ = <(PK)K6M7 (Pc)csef\ﬁa (PKG)Gefr,Ke%) Pk €ER, ps €R, pxs € R}» (13)

x| = {Pi: = ((pc)cefrv (Pe)ee‘zr> 1P ER, pe € R}. (14)

Assuming for simplicity homogeneous Dirichlet boundary conditions, we denote by X', (resp. X,{ o) the
subspace of X;" (resp. X}{ ) with vanishing values at the boundary F' (resp. E*'N Er), and we set
Xno = Xj'p X,{ o- The HFV scheme is obtained by replacing, in the primal variational formulation of

FIGURE 3 — Illustration of the Hybrid Finite Volume (HFV) matrix (pg, ps'» Pxs» PL. PLs) and fracture
(pss Pe) discrete pressure unknowns.

(4), the continuous operators by discrete reconstruction operators V', IT}, Thm’jE in the matrix and Y',’; ,

H£ along the fractures, defined as follows.
The matrix gradient reconstruction operator V' : X} — L?(Q)? is such that, for a suitable sym-

/

metric positive definite tensor Tx = (Tg" ) (v.v)ere xig» for all pi' € X",

| k¥ Vitar = ¥ ¥ T (hv-pe) v —ax) Ve € X7
K velg V'ely
with

Ix ={c€ Fx\ Fr}U{Ko, 6 € Fx N Ir},
denoting the subset of matrix degrees of freedom (DOFs) located at the boundary of the cell K. The
fracture tangential gradient operator Y£ : X,{ — L>(I)?~! is such that, for a suitable symmetric positive
definite tensor Tg = (Tgel)(“/)e%x%, for all p£ € X,{,

/ CraViph Vigi=Y Y T¢(pe—po)(ge—as)  Va) € X},
c e€Es e €Es

. \3
with the face-wise constant approximation of the fracture conductivity given by Cy = (d«g) , Where dy

is the face-wise constant approximation of the fracture aperture specified in (16). The detailed definitions
of Tk and T4 can be found in [1].




The piecewise constant matrix and fracture function reconstruction operators I : X;" — L*(Q) and
11/ : X/ — L2(T) are defined by

nan(x) =gk, Ve K, KeM,  Tjg)(x) =gs, Vx€ o, 6 € Tr,
and the face-wise constant sided trace reconstruction operators T;':’i : X, — L*(T') by

T (x) = gres 10" g (x) =q15, Vx€6=K|L,6€ Tr.

2K p

Let us also define the face-wise constant approximation of the fracture normal transmissivity Ay , = T

Finally, for the gravity terms, let us define g = |g| and

Z’;: = ((ZK)KEM? (Zc)cef\?r, (ZKc)cefr,KeM,)a Z{; = <(Z6)06%, (Ze)eergl_),

where zy denotes the vertical coordinate of the center of mass of v, taking into account the fracture width
for v = Ko. Then, the HFV scheme can be expressed as the following discrete variational formulation :
find py, : [0,T] — X} such that, for all g : [0,T] — X?, it holds

Km m m m _m C
/Q ((%%)thh 72}1 (P + P8z ) hqh> / ((&dfh)ththfo (p) +pez)) - Vm)

X [ an(Tre o+ pe) ~ 11 o+ pech)) (Thar ~Taf) = [ matta+ [ nmifg],

ac{+,—}

15)
where the approximations of the porosity ¢, and fracture aperture dyj are defined by the following
coupling laws

0,05 = o divy, (d;uy,) + ﬁﬂﬁamﬁ,
atdf,h = —0 [[Eh]]h,ga

defining the discrete porosity ¢ and fracture aperture ds 5, given a cellwise constant approximation (|)2
of the initial porosity ¢° and a facewise constant approximation d? , of the initial aperture.

(16)

3.3 Time discretisation

Following [4, 7, 6, 3], the time integration of the quasi-dynamical model is based on the explicit
adaptive Runge-Kutta Fehlberg RK45 time integration scheme. It is combined with an Euler implicit time
integration for the Darcy flow. The coupling strategy between the quasi-dynamical and the Darcy flow
models is still an ongoing work and will be based either on sequential or iterative coupling algorithms
possibly using multirate time stepping. The solution algorithm involves the computation of the traction
A, at given slip S, at each substep of the RK45 scheme. This is achieved by solving the elasticity linear
system reduced to the nodal unknowns with a fixed sparse Symmetric Positive Definite (SPD) matrix. In
2D this matrix can be factorised once and for all and the solution is obtained efficiently by a forward and
backward substitution. In 3D an efficient preconditioner should be computed in preprocessing and the
system solved by an iterative algorithm.

3.4 Numerical Validation of the scheme

The numerical model is validated using an induced seismicity community benchmark [5] which
considers a 2-D antiplane problem for a planar fault embedded in a homogeneous unbounded space with
rate and state friction and aging state laws. The fault slip is induced by the injection of fluid during
100 days in the middle of the fault. Fluid diffusion occurs only in the fault (impervious matrix) at fixed
hydraulic aperture d; and fault conductivity C leading to a one way coupled model. Figure 4 compares
the maximum slip rate as a function of time obtained with our scheme (VB) to the reference solution
from the benchmark. It exhibits a very good match on the finest mesh of size 100 m along the fault and
roughly a first order convergence on a family of refined meshes as expected.
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FIGURE 4 - (left) Comparison of the maximum slip rate in log10 scale as a function of time obtained
with our scheme (VB) and with the reference benchmark. (right) Convergence of the relative error for
the maximum slip rate evaluated w.r.t. the reference benchmark solution on a family of meshes of size &
along the fault.

4 Conclusions and perspectives

This work presents the extension of a first order Virtual Element polytopal discretisation with bubble
stabilisation to a quasi-dynamic poromechanical model with slip governed by a rate and state friction
along the faults. It has been validated on an induced seismicity community benchmark. Ongoing works
involve more advanced test cases with an heterogeneous matrix and fault networks, the development of
coupling algorithms for fully coupled simulations with mechanical dependent fault aperture and conduc-
tivity, as well as 3D simulations requiring efficient precondioners for the elasticity SPD matrix. The code
used for the simulations can be made available on demand.
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