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Abstract — This study aims to design a long aspect ratio wing model to be tested in a wind tunnel,
focusing on the aeroelastic phenomenon of coupled-mode flutter. Starting from a previously tested
taut-strip model, the objective is to identify a set of aeroelastic parameters that minimize the flutter speed.
To do so, an experimentally validated aeroelastic model is used along with an optimization approach.
A configuration exhibiting an unstable B1/T1 aeroelastic mode that optimizes the fluid-structure energy
transfer is identified and discussed.
Keywords — aeroelasticity, coupled-mode flutter, elastic wing, fluid-structure interaction, reduced-order
modeling

1 Introduction

In recent years, the study of aeroelastic phenomena in long aspect ratio wings has gained significant
attention due to its implications in both aerospace and energy fields. In this context, this work focuses
on high aspect-ratio lifting surfaces operating in subsonic regimes, which are commonly encountered in
applications such as solar-powered UAV wings, High Altitude Long Endurance (HALE) drones and large
wind turbine blades. These structures often undergo static and dynamic deformations, raising concerns
about whether traditional aeroelastic models can accurately predict flutter onset and post-critical behavior.

Among aeroelastic instabilities, the coupled-mode flutter has been the most studied aeroelastic
instability due to its critical implications for structures safety. Its mechanisms have been widely detailed
in fundamental aeroelasticity texts. The instability arises from the coupling of structural modes, typically
bending and torsion. As the flow velocity approaches a critical threshold, the associated modal frequencies
tend to converge. This near-coalescence is associated with the emergence of an unstable aeroelastic mode
allowing the transfer of energy from the flow to the structure. This results in large-amplitude self-sustained
oscillations.

Several experimental and numerical studies have been conducted to investigate coupled-mode flutter.
Among studies dedicated to elastic wings, few have been supported by experimental models. We can
cite the one made by Tang and Dowell [1], the Pazywing [2], the flexible wing designed by Stephan and
Amandolese [3] and the one built at the University of Bristol [4]. A 1.5 meter elastic wing model was
also recently tested in one of the Iat-Cnam wind tunnel. Equipped with piezoelectric patches in order
to validate control strategies, this wing model was supposed to flutter in the velocity range of the wind
tunnel but did not do so due to a particular aeroelastic mode behavior involving a second bending and
first torsional mode [5].

In that context, the objective of this study is to adapt the design of this wing model to achieve the
lowest possible critical flutter speed by optimizing some of the wing aeroelastic parameters. To do so,
a previously validated aeroelastic model [5] that captures the essential dynamics is used, along with an
optimization based on a genetic algorithm. In a long term perspective, this wing model will serve as an
experimental benchmark to validate more advanced nonlinear aeroelastic models that account for large
deformations and post-critical fluid-structure interactions. Moreover, it will be used to test flutter control
strategies.

The paper is organized as follows. First, the aeroelastic model used to represent the wing’s dynamics is
presented, including the linear structural and unsteady aerodynamic components. Next, the optimization
approach employed to minimize the flutter speed is described and the results are discussed.
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2 Aeroelastic model

The experimental wing model is designed following a taut-strip architecture in order to separate the
structural and aerodynamic parameters as clearly as possible [3]. It is based on an internal beam that
ensures the stiffness in normal bending and torsion, to which NACA0015 rigid strip sections are fixed
to form the aerodynamic surface of the wing as seen in Figure 2.1a. A schematic of the wing model is
shown in Figure 2.1b.

(a)

Inertial axis

Elastic axis

(b)

Figure 2.1: (a) View of the taut-strip wing model in wind tunnel. (b) Schematic of the wing model. The
dotted grey lines illustrate the deformed configuration. Red annotations indicate the degrees of freedom.

The wing is modeled as a cantilever beam with bending and torsional degrees of freedom, following
the linear Hodges-Dowell beam theory described in [6]. The chordwise displacement is neglected as it
does not introduce any coupling term in the linear domain. The angle of attack 𝛼𝑟 will also be assumed
to be zero. The dynamics are governed by the following linear equations of motion

𝑚 ¥𝑤 + 𝑐𝑤 ¤𝑤 + (𝐸𝐼𝑥𝑤′′)′′ + 𝑚𝑋𝛼 ¥𝛼 = −𝐹𝑁 ,

𝐼𝛼 ¥𝛼 + 𝑐𝛼 ¤𝛼 − (𝐺𝐽𝛼′)′ + 𝑚𝑋𝛼 ¥𝑤 = 𝑀,
(2.1)

where 𝑤(𝑦, 𝑡) is the bending displacement of the elastic axis, which is positively defined along the
z-axis, 𝛼(𝑦, 𝑡) is the torsional rotation about the elastic axis, which is considered positive when evolving
clockwise around the y-axis, 𝑚 and 𝐼𝛼 are the mass and mass moment of inertia about the elastic axis
per unit length, 𝑐𝑤 and 𝑐𝛼 are the viscous damping coefficients, 𝐸𝐼𝑥 and 𝐺𝐽 are the stiffness in bending
and torsion. 𝐹𝑁 (𝑦, 𝑡) is the distributed normal force, which is aligned with the negative z-axis, 𝑀 (𝑦, 𝑡)
is the distributed moment of the aerodynamic forces about the elastic axis. These loads are defined by
the aerodynamic model. As 𝛼 stays small, 𝐹𝑁 can be approximated as 𝐹𝑁 ≈ 𝐿, where 𝐿 is the lift force
orthogonal to the incoming flow direction. In the following, 𝐿 will be used. The coupling terms 𝑚𝑋𝛼 ¥𝛼
and 𝑚𝑋𝛼 ¥𝑤 arise due to the offset between the elastic and inertial axes, where 𝑋𝛼 is the distance between
these two axes such as 𝑋𝛼 = 𝑋cg − 𝑋ea. The used models are summarized in Figure 2.2.
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Figure 2.2: Summary of models used in this study.

2.1 Structural model

The Rayleigh-Ritz method is employed to represent the system’s deformations by a finite series of
assumed mode shapes, each multiplied by an unknown time-dependent generalized coordinate. The
displacement 𝑤(𝑦, 𝑡) and rotation 𝛼(𝑦, 𝑡) are approximated as follows:

𝑤(𝑦, 𝑡) =
𝑁𝑤∑︁
𝑖=1

𝜙𝑤,𝑖 (𝑦)𝑞𝑤,𝑖 (𝑡), 𝛼(𝑦, 𝑡) =
𝑁𝛼∑︁
𝑖=1

𝜙𝛼,𝑖 (𝑦)𝑞𝛼,𝑖 (𝑡) (2.2)

where 𝜙𝑤,𝑖 (𝑦) and 𝜙𝛼, 𝑗 (𝑦) are the assumed mode shapes for bending and torsion respectively, while
𝑞𝑤,𝑖 (𝑡) and 𝑞𝛼,𝑖 (𝑡) are the corresponding generalized coordinates. 𝑁𝑤 and 𝑁𝛼 denote the number of
bending and torsional modes considered in the approximation. The bending and torsion modes 𝜙𝑤,𝑖 and
𝜙𝛼,𝑖 are provided in [5]. Using Equation (2.2) in Equation (2.1), the structural model can be expressed
in matrix form as

M𝑆 ¥q + C𝑆 ¤q + K𝑆q = f𝐴, (2.3)

with q = [𝑞𝑤,1(𝑡), . . . , 𝑞𝑤,𝑁𝑤
, 𝑞𝛼,1(𝑡), . . . , 𝑞𝛼,𝑁𝛼

(𝑡)]𝑇 the vector of generalized coordinates. MS,
C𝑆 and K𝑆 are respectively the mass, damping and stiffness structural matrices, and f𝐴 is the vector
of generalized aerodynamic forces that includes 𝐿 and 𝑀 . The expressions of these matrices and the
aerodynamic forces are detailed in [5]. Note that as the elastic and inertial axis do not coincide, the mass
matrix M𝑆 is not diagonal. Indeed, inertial coupling terms 𝑚𝑋𝛼 ¥𝛼 and 𝑚𝑋𝛼 ¥𝑤 appear in Equation (2.1).
Then, a structural coupling exists between bending and torsion even in the absence of aerodynamic forces.

2.2 Aerodynamic model

The aerodynamic model defines the aerodynamic loads 𝐿 and 𝑀 contained in f𝐴 acting on the wing
due to its motion in the airflow. They are function of the lift and moment coefficients 𝐶𝐿 and 𝐶𝑀 . The
latter strongly depend on the reduced frequency which is a key nondimensional parameter defined as
𝑘 = 𝜔𝑏

𝑈
where 𝜔 is the oscillation frequency of the considered mode, 𝑏 is the semi-chord of the wing and

𝑈 is the free-stream velocity. Low values of 𝑘 correspond to a regime where the quasi-steady assumptions
are valid, whereas higher 𝑘 values indicate significant unsteady aerodynamic effects. In this study, the
Theodorsen’s unsteady aerodynamic based on potential and incompressible flow theory will be used. It
introduces the concept of a continuous vortex shed from the trailing edge. The resulting vortex system,
formed by spanwise-aligned vortices convected downstream, induces a velocity field that alters the local
flow around the airfoil. Using the Theodorsen’s formulation with the Wright and Cooper’s notation, it
leads to

𝐿 (𝑦, 𝑡) = 𝜌𝑈2
(
𝐿𝑤𝑤 + 𝐿 ¤𝑤

𝑏 ¤𝑤
𝑈

+ 𝐿 ¥𝑤
𝑏2 ¥𝑤
𝑈2 + 𝐿𝛼𝑏𝛼 + 𝐿 ¤𝛼

𝑏2 ¤𝛼
𝑈

+ 𝐿 ¥𝛼
𝑏3 ¥𝛼
𝑈2

)
,

𝑀 (𝑦, 𝑡) = 𝜌𝑈2𝑏

(
𝑀𝑤𝑤 + 𝑀 ¤𝑤

𝑏 ¤𝑤
𝑈

+ 𝑀 ¥𝑤
𝑏2 ¥𝑤
𝑈2 + 𝑀𝛼𝑏𝛼 + 𝑀 ¤𝛼

𝑏2 ¤𝛼
𝑈

+ 𝑀 ¥𝛼
𝑏3 ¥𝛼
𝑈2

)
,

(2.4)

where 𝐿𝑤 , 𝐿 ¤𝑤 , 𝐿 ¥𝑤 , 𝐿𝛼, 𝐿 ¤𝛼, 𝐿 ¥𝛼, 𝑀𝑤 , 𝑀 ¤𝑤 , 𝑀 ¥𝑤 , 𝑀𝛼, 𝑀 ¤𝛼 and 𝑀 ¥𝛼 are defined in [7].
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Recalling that 𝑤 and 𝛼 are approximated using the Rayleigh-Ritz method in terms of generalized
coordinates 𝑞𝑤 and 𝑞𝛼, see Equation (2.2), the generalized aerodynamic forces f𝐴 can then be written as

f𝐴 = −K𝐴(𝑈)q − C𝐴(𝑈) ¤q − M𝐴(𝑈) ¥q (2.5)

where we identify the aerodynamic stiffness matrix K𝐴(𝑈), damping matrix C𝐴(𝑈) and mass matrix
M𝐴(𝑈) which depend on the free-stream velocity 𝑈.

2.3 Fluid-structure interaction model

Combining the structural model Equation (2.3) and the aerodynamic forces Equation (2.5), the
fluid-structure interaction model can be written as follows

M(𝑈) ¥q + C(𝑈) ¤q + K(𝑈)q = 0, (2.6)

such that M(𝑈) = M𝑆 + M𝐴(𝑈), C(𝑈) = C𝑆 + C𝐴(𝑈) and K(𝑈) = K𝑆 + K𝐴(𝑈).

In a state-space approach, with a state vector x = [q ¤q]𝑇 , the system Equation (2.6) becomes

¤x = A(𝑈)x with 𝐴(𝑈) =
[

0 I
−M(𝑈)−1K(𝑈) −M(𝑈)−1C(𝑈)

]
. (2.7)

This state-space will be used numerically to compute the eigenvalues of the matrix A(𝑈) and determine
the stability of the aeroelastic coupled system at a given velocity 𝑈. The aeroelastic modes are denoted
by v𝑖 where the superscript 𝑖 refers to the mode number, such as:

v𝑖 =
(
v𝑖𝑤
v𝑖𝛼

)
with v𝑖𝑤 =

©­­«
𝑣𝑖
𝑤,1
. . .

𝑣𝑖
𝑤,𝑁𝑤

ª®®¬ , v𝑖𝛼 =
©­­«
𝑣𝑖
𝛼,1
. . .

𝑣𝑖
𝛼,𝑁𝛼

ª®®¬ . (2.8)

Each aeroelastic mode is characterized by its eigenvalues 𝜆𝑖 = 𝛿𝑖 + 𝑗𝜔𝑖 . The damping ratio 𝜁𝑖 of each
mode can be computed as

𝜁𝑖 = − sign(𝛿𝑖)
(
1 +

(
𝜔𝑖

𝛿𝑖

)2
)−1/2

. (2.9)

The flutter critical velocity 𝑈𝑐 is defined as the velocity for which the damping ratio of an aeroelastic
mode becomes zero while increasing 𝑈, such as

𝜁𝑖 (𝑈𝑐) = 0

𝑑𝜁𝑖

𝑑𝑈
(𝑈𝑐) < 0

. (2.10)

Figure 2.3 shows the frequencies and damping ratios of the three first aeroelastic modes as a function
of the velocity𝑈, computed using the aeroelastic parameters of the reference wing tested at the Iat-Cnam
wind tunnel [5]. One can observe that despite the merging of the second aeroelastic branch (v2) with the
third aeroelastic branch (v3) beyond 𝑈 ≈ 28𝑚/𝑠, no flutter can occur in the velocity range of the wind
tunnel. Indeed, although slightly decreasing beyond 𝑈 ≈ 25𝑚/𝑠, the damping of the potentially unstable
aeroelastic mode, i.e. v2, stays positive, indicating stability.
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Figure 2.3: Frequencies and damping ratios of the three first aeroelastic modes of the reference wing
tested at the Iat-Cnam wind tunnel [5] as a function of the velocity 𝑈.

In the next section, the optimization procedure used to minimize the flutter speed 𝑈𝑐 is presented.
The results are then discussed.

3 Aeroelastic parameters optimization

In this study, the objective is to minimize the critical flutter speed𝑈𝑐 of the wing by optimizing some
of its aeroelastic parameters. All the sections along the span are assumed to be identical. The design
variables considered for optimization include the elastic axis position 𝑋ea, the inertial axis position 𝑋cg,
the spanwise bending stiffness 𝐸𝐼𝑥 , and the torsional stiffness 𝐺𝐽. Note that modifying the position of
the elastic and inertial axis makes the moment of inertia per unit length 𝐼𝛼 vary as well. The optimization
problem can be formulated as follows:

min
𝑋ea,𝑋cg,𝐸𝐼𝑥 ,𝐺𝐽

𝑈𝑐 (𝑋ea, 𝑋cg, 𝐸 𝐼𝑥 , 𝐺𝐽)

subject to 𝑋min
ea ≤ 𝑋ea ≤ 𝑋max

ea , 𝑋min
cg ≤ 𝑋cg ≤ 𝑋max

cg ,

𝐸 𝐼min
𝑥 ≤ 𝐸𝐼𝑥 ≤ 𝐸𝐼max

𝑥 , 𝐺𝐽min ≤ 𝐺𝐽 ≤ 𝐺𝐽max.

(3.1)

The boundaries of the design variables are based on realistic considerations and manufacturing
constraints. Without any explicit expression for 𝑈𝑐 as a function of the design variables, a gradient-free
optimization algorithm is employed. As several parameters interact with each other, the cost function
must be non-convex and may present multiple local minima. Therefore, a genetic algorithm optimization
method is preferred. In this study, the Differential Evolution (DE) [8] algorithm is used to solve the
optimization problem Equation (3.1). DE is a population-based stochastic optimization technique that
iteratively improves a population of candidate solutions based on mutation, crossover, and selection
operations. The algorithm starts with an initial population of potential solutions, which are randomly
generated within the defined bounds of the design variables. At each iteration, new candidate solutions
are created by combining existing ones through mutation and crossover operations. The best-performing
candidates are selected to form the next generation, and the process continues until convergence criteria
are met.

For some sets of parameters, the wing may not exhibit any instability. Hence, the cost function
has some indeterminate regions. In such cases, the optimization algorithm is designed to discard
these configurations by assigning them a high penalty value for 𝑈𝑐, effectively removing them from
consideration in the optimization process. The other parameters not considered in the optimization
problem are set constant and reported in Table 3.1.
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Name Symbol Value Unit
Semi span 𝑠 2 m
Chord 𝑐 0.20 m
Mass per unit length 𝑚 2.4 kg.m−1

Table 3.1: Considered parameters for the wing model.

3.1 Results and discussion

The parameters obtained from the optimization process are reported in Table 3.2. The associated
section is drawn in Figure 3.1.

Name Symbol Value Unit
Distance of the elastic axis from the leading edge 𝑋∗

ea 0.087 m
Distance of the inertial axis from the leading edge 𝑋∗

cg 0.12 m
Moment of inertia (about the elastic axis) per unit length 𝐼∗𝛼 0.011 kg.m2.m−1

Spanwise bending stiffness 𝐸𝐼∗𝑥 475 N.m2

Torsional stiffness 𝐺𝐽∗ 40 N.m2

Table 3.2: Optimal parameters of the NACA0015 wing section to minimize the flutter speed 𝑈𝑐.
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Figure 3.1: Optimal NACA0015 wing section result.

The frequencies and damping ratios of the three first aeroelastic modes of the optimized wing are
plotted as a function of the incoming flow velocity𝑈 in Figure 3.2. One can observe that a flutter speed is
numerically reached at 𝑈𝑐 = 23.2 m.s−1. It concerns the second aeroelastic mode (v2) that also exhibits
a significant negative rate 𝑑𝜁2

𝑑𝑈
(𝑈𝑐), indicating a clear flutter scenario.
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Figure 3.2: Frequencies and damping ratios of the three first aeroelastic modes of the optimal wing as a
function of the velocity 𝑈.

It also appears that the components of the unstable aeroelastic mode have changed compared with
the reference wing. The contributions of the assumed mode shapes in the second aeroelastic mode v2 are

6



illustrated in Figure 3.3 at 𝑈 = 25 m.s−1 for the optimal wing and 𝑈 = 35 m.s−1 for the reference wing.
Regarding the reference wing, v2 is composed of a second bending mode B2 coupled with a first torsion
mode T1. For the optimal wing the unstable aeroelastic mode v2 is the consequence of a coupling of the
first bending mode B1 with the first torsional mode T1.

vw,1 vw,2 vw,3 vα,1 vα,2 vα,3
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Figure 3.3: Contributions of the assumed mode shapes in the second aeroelastic mode v2. (a) For the
optimal wing at 𝑈 = 25 m.s−1. (b) For the reference wing at 𝑈 = 35 m.s−1.

From a given eigenvector v𝑖 , a physical motion shape along the span can be built to compute the work
done by the aerodynamic forces over a period 𝑇 = 2𝜋

𝜔𝑖
as

𝑤𝑖 (𝑦, 𝑡) = ℜ
{
𝑒𝜔𝑖 𝑡

𝑁𝑤∑︁
𝑘=1

𝜙𝑤,𝑘 (𝑦)𝑣𝑖𝑤,𝑘

}
, 𝛼𝑖 (𝑦, 𝑡) = ℜ

{
𝑒𝜔𝑖 𝑡

𝑁𝛼∑︁
𝑘=1

𝜙𝛼,𝑘 (𝑦)𝑣𝑖𝛼,𝑘

}
, (3.2)

𝑊 𝑖
aero(𝑦) =

∫ 𝑇

0

[
−𝐿𝑖 (𝑦, 𝑡) ¤𝑤𝑖 (𝑦, 𝑡) + 𝑀 𝑖 (𝑦, 𝑡) ¤𝛼𝑖 (𝑦, 𝑡)

]
𝑑𝑡. (3.3)

The work done by the aerodynamic forces over one period along the span, defined in Equation (3.3), is
represented in Figure 3.4 for the unstable v2 mode (B1/T1) of the optimal wing and the potential unstable
v2 mode (B2/T1) of the reference wing.
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Figure 3.4: Work of the aerodynamic forces over one period along the span for the unstable v2 mode
B1/T1 of the optimal wing (left) and the potential unstable v2 mode B2/T1 of the reference wing (right).

Results show that the B2/T1 configuration exhibits a positive energy transfer area up to 80% of the
span but a larger negative energy transfer area close to the tip of the wing. On the other hand the B1/T1
unstable mode of the optimized wing is characterized by a positive energy transfer all along the span.
The energy transfer is strongly linked to the phase shift between the bending and torsional DOFs. A
bending ahead of the torsion leads to a positive work [9]. This condition is reached for the unstable B1/T1
aeroelastic mode. On the other hand, the B2 shape, which is characterized by a vibration node, does not
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have a constant sign along the span. As a consequence the aeroelastic mode plotted in Figure 3.4 (right)
exhibits two regions but only one, up to 80% of the span, with an appropriate phase shift.

The energy transfer is illustrated in Figure 3.5, which shows two phase-shift configurations. When
the bending is ahead of the torsion, these two DOFs work together to extract energy from the flow.

pumping dissipating

Figure 3.5: Energy transfer mechanism between bending and torsion depending on their phase shift.

4 Conclusions

This study presents an optimization approach, employing a genetic algorithm, to minimize the critical
flutter speed of a long aspect ratio wing by adjusting its aeroelastic parameters. Adjusting both the
elastic and inertial axis positions along with the spanwise bending and torsional stiffness, the optimized
wing exhibits numerically a coupled-mode flutter that allows a large energy transfer area along the
span, highlighting the importance of mode selection in aeroelastic design. Future work will focus on
experimental validation of the optimized wing and further refinement of the aeroelastic model to account
for post-critical behavior and geometrical nonlinearity with a FEM approach.
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