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Résumé — This work presents a two-level Schwarz domain-decomposition preconditioning frame-
work with a GenEO coarse space for finite element systems discretized with Hybrid High-Order (HHO)
methods and assembled in code_aster. It combines a concise state-of-the-art review on SPD and saddle-
point systems, an implementation contribution ensuring consistent index mapping between code_aster
and PETSc for seamless coupling with iterative solvers and preconditioners, and a numerical study on
linear elasticity benchmarks.
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1 Background (SPD) : overlapping DD preconditioners and coarse spaces

We consider a symmetric positive definite (SPD) system Au = b arising from a conforming finite-
element discretization of an elliptic problem. Let the mesh be partitioned into Ny subdomains with an
overlap of thickness 8 > 0. Denote by R; the Boolean restriction from the global space to the local
unknowns on the overlapping subdomain i, and by D; a diagonal “partition of unity” weight such that

Ny

Y R/DiRi =1.

i=1
The basic one-level overlapping preconditioners are the Additive Schwarz Method (ASM) and its res-
tricted variant (RAS) [1]. In particular, the (one-level) RAS reads

N,
Pras = YR/ D;(RAR])™'R;, (1)
i=1

while ASM corresponds to dropping the weights D; in (1). These methods are effective but not scalable :
as N, grows (subdomain diameter H |), the condition number k(P ~'A) deteriorates roughly like a positive
power of H /9§, and the iteration count increases [1]. This motivates a second level (a coarse correction)
to recover scalability [2].

Two-level additive Schwarz. In the scalable two-level variant, we enrich (1) with a coarse space Vy =
range(Z), Z € R (m < n), yielding

M = Pl (I-AZET'ZT) + ZE7'Z", E = ZTAZ

This expression applies a single coarse solve per iteration and is preferred for parallel efficiency [2].
With a suitable Vj, the preconditioned operator M~'A admits condition-number bounds independent of
N; (and only weakly dependent on coefficient variations), restoring scalability [1].

Classical and spectral coarse spaces. For SPD scalar problems, early coarse spaces such as Nico-
laides’ (piecewise constants per subdomain) already yield two-level scalability for model Poisson-type
operators. To handle strong heterogeneities and systems (e.g., elasticity), spectral coarse spaces built
from localized generalized eigenproblems are preferred; the abstract two-level ASM theory (stable de-
composition, strengthened Cauchy—Schwarz) and its consequences for coarse space design are detailed
in [1].



GenEO coarse space (SC’13 formulation). Following [2], the deflation/coarse matrix is assembled
as

Z = [RIW, RGW, - Ry Wy,] € R™IEV:
where, for each subdomain i, the block W; collects the selected local eigenvectors post-weighted by the
partition-of-unity :

W; = [DiAii Dihip -+ DiAyy,| € R"Vi

The vectors {A;;}1<<v, are chosen among the eigenvectors associated with the smallest eigenvalues (in
magnitude) of the following local generalized eigenproblem :

APA = AD;R}\RioA} DA,

where A? is the (unassembled) local matrix yielded by the discretization of the bilinear form on the
overlapped space Vf (a “floating” subdomain when Q? NoQ = ), R, is the restriction from Vi8 to
its overlap with neighbors, and D; is a diagonal partition-of-unity weight on the overlap. A threshold
criterion (e.g. keep all A < 1) selects the v; columns of W;. The coarse matrix is

E =Z7"AZ.

This construction yields a two-level method whose condition number is independent of the number of
subdomains and robust to large coefficient jumps [2].

Practical remarks (SPD). In practice, one-layer overlap is often sufficient; local operators R;AR;
are assembled with appropriate boundary conditions (Dirichlet for ASM/RAS). Two-level RAS with
a GenEO coarse space (as in HPDDM) delivers weak/strong scaling on large 2D/3D heterogeneous
benchmarks, in line with the theory [2].

2 Background (saddle-point) : two-level DD with GenEO

We consider the saddle-point matrix

Ag Bl
By —An

A =

] , Agg € R SPD, Bjo € R™*" full row rank, Ay; = 0.

Block factorization shows that solving A [u; p] " =[f;g] " reduces to (i) solves with A and (ii) a Schur
complement system for the dual unknowns :

S =A + B]()AaOlBlTO.

We precondition A by a scalable two-level overlapping Schwarz method Mgl (e.g., RAS/ORAS with a
GenEO coarse space, cf. [1]), and use it to define a first spectrally equivalent approximation of § :

Ps = Ay + BioMy 'BJ;. )

Domain-decomposition structure of Ps. Let R; denote the Boolean restriction to overlapping sub-
domain i, A; = R; AOOR and Ry the coarse restriction. Following the element/overlap-based splitting,
introduce R; as the restriction to the support of Im(BRT) and diagonal weights D; with ZLR DiR; = I,.
Let us define local lifted constraint blocks B, = R,BlORl and local positive semidefinite contributions Al
such that

R’TAR < ki Aqg.
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With these ingredients, a spectrally equivalent splitting of Pg reads

So = R Bo(RoAooRq ) ~'B{ Ro, 3)
Ny - - -

S = YR (A + Bia;'B] ) R, @)
i=1

Mg = So + S, 5)



and My is spectrally equivalent to Pgs (hence to S). The difficult part is S, for which we now build a
two-level DD preconditioner.

One-level Neumann—-Neumann for S| and the need for a coarse space. A one-level preconditioner
for S; (Neumann—Neumann flavor) is
& ST (7 Y ~r\ s &
M3 e = YR Di(A; + BiAT'B ) DR

1

but it is not scalable. As in the SPD case, scalability is restored by an adaptive coarse correction derived
from a localized generalized eigenproblem. [3]

GenEO-type coarse space for S;. For each subdomain i, define the local EVP
5i§i< Z @(EJ+§JA;1§JT)§J>RT51¢ = A (g,—{—E,Al_lB:r) 0, (6)
JEN(i)

retain the eigenvectors with A < tg,, stack them (optionally PoU-weighted) into local blocks W, and
assemble the coarse operator

Zs, = [R{D\Wy -~ Ry{DyWy, ],  Es, = Z{ S1Zs,.
This yields the scalable two-level preconditioner
N T sT\-153. 5
Mg = Zs Eg ' Zg, + (1—P51)<2Ri Di (Ai+BiA;'B) DiRi>(1—Ps1)T7 (7
i=1

where P, = Zg, Eg, 1ZSTI S is the S;-orthogonal projector. In practice, kernels (if any) are injected into Zg,
and local pseudo-inverses are used. [3]

Final Schur complement and outer Krylov. Define Ng = Sy + M, and solve Sp = g by (flexible)
GMRES preconditioned by Ny !, The overall method combines a two-level Schwarz for the primal block
with a two-level Neumann—Neumann for the Schur complement, and is robust for nearly incompressible,
heterogeneous elasticity (continuous pressure) with scalable iteration counts. [1, 3]

3 Index sets and coupling between code_aster and PETSc

Context and idea The assembly of Neumann matrices in code_aster is done correctly, as they coin-
cide exactly with the local subdomain matrices. This is trivial for the user as he only needs to enable an
option to obtain these matrices, while under the hood the assembly relies on ghost cells to recover them.
The challenge is therefore not assembly, but exposing the block structure to the solver in order to : (1)
separate the different physical fields, (2) attach a two—level domain—decomposition preconditioner to the
physical blocks, (3) and keep the whole setup consistent across MPI processes.

Brief definitions FIELDSPLIT (PETSc). A block preconditioner that partitions the unknown vec-
tor into fields (e.g., physical vs. Lagrange) and applies a block solution scheme (additive, multiplicative,
or Schur). The benefit is to isolate the physics (where effective preconditioners are known) while keeping
the couplings under control.

HPDDM (PETSc). A two-level domain—decomposition preconditioner designed for large-scale pa-
rallelism : local subdomain solvers plus a coarse space (generic modes) to ensure robustness and scala-
bility as the number of subdomains increases.

Practical problem The matrices are already parallelized, but the solver needs three clear pieces of
information : (i) “which indices belong to each field ?” (ii) “how to provide HPDDM with a contiguous
and global view of each block ?” (iii) “which local submatrix must be supplied to HPDDM’s auxiliary
interface ?”



3.1 Setup outline

— Separate the fields. Starting from the global numbering in code_aster, extract two index lists :
field 1 and field 2. On each rank, keep only owned indices (no ghosts) to avoid duplicates. This
separation is sufficient to enable FIELDSPLIT (field 1 block / field 2 block).

— Make each block globally contiguous. HPDDM expects the field indices to be numbered from
0,...,ngep — 1 at the global level. Gather the field’s indices from all ranks, sort and unique them
to obtain a global list; each rank then projects onto this list to build its consistent local view.
Result : all ranks refer to the same block, with no gaps or ambiguous overlaps.

— Extract the field’s local submatrix. From the local matrix and the local—global map, retain
only the owned rows/columns that belong to the field of interest. This local submatrix is the
building block passed to HPDDM’s auxiliary interface (used to construct the subdomain solvers
and the coarse space).

3.2  Why this addresses our problem

— Numerical clarity. FIELDSPLIT cleanly separates the physics, enabling well-known block strate-
gies while keeping couplings under control.

— MPI consistency. The “owned indices N field tags” rule avoids ghost-related duplicates ; projec-
tion onto the global list ensures that all ranks share exactly the same view of each field block.

4 Numerical Test

4.1 3D Linear Elasticity on a Cube

We consider a three-dimensional linear elasticity problem on the unit cube Q = [0, 1]3, discretized
with the Hybrid High-Order (HHO) method [6, 7]. The numerical experiments are performed on two
large-scale configurations, involving approximately 6.5 x 10° degrees of freedom on 64 MPI processes
and 2.2 x 107 degrees of freedom on 216 MPI processes after assembly in code_aster.

4.1.1 Mechanical model

The test case corresponds to a standard small-strain linear elasticity problem on the unit cube. The
equations read
—V-o(u) =0, o(u) = 2ue(u) + Mtr(e(u))l,

with one face of the cube clamped (zero displacement) and a uniform pressure applied on the opposite
face. All other faces are traction-free.

The system assembled by code_aster is therefore a symmetric positive definite matrix resulting
from the HHO discretization of the elasticity operator. No Lagrange multipliers or additional linear
constraints are used in this configuration.

4.1.2 Solver and preconditioner

The linear systems are solved inside code_aster using the PETSc infrastructure. We employ FGMRES
together with two scalable preconditioning strategies based on a two-level overlapping Schwarz method
(HPDDM) equipped with a GenEO coarse space. In the monolithic configuration, HPDDM is applied
directly to the full matrix A. In the FIELDSPLIT configuration, a Schur-type decomposition is used and
HPDDM is applied to both blocks of the system, including the Schur complement. The experiments target
large-scale HHO elasticity problems involving between 6.5 x 10% and 2.2 x 107 degrees of freedom.

Interpretation. Figures 1 compare two preconditioning strategies that both rely on a two-level over-
lapping Schwarz method implemented through HPDDM and equipped with a GenEO coarse space. All
numerical experiments were performed on the SELENA HPC cluster of EDF. In the monolithic confi-
guration, HPDDM is applied directly to the full HHO stiffness matrix, leading to a nearly constant
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FIGURE 1 — Comparison of monolithic and FIELDSPLIT preconditioning strategies for the 3D HHO
elasticity test case

FGMRES iteration count when scaling from 6.5 x 10° degrees of freedom on 64 MPI processes (134
iterations, 37 s) to 2.2 x 107 degrees of freedom on 216 processes (137 iterations, 44 s). This behavior
indicates that the HPDDM-GenEO preconditioner effectively preserves the spectral properties of the
global operator at scale. In the FIELDSPLIT configuration, HPDDM is applied to both blocks of the
Schur-type decomposition, including the Schur complement, which results in a drastic reduction of the
Krylov iteration count to 19 iterations on 64 processes and 22 iterations on 216 processes. This improved
convergence reflects a better-conditioned preconditioned system at the algorithmic level. However, the
additional cost associated with the Schur complement construction and application increases the cost per
iteration, leading to solver times of 67 s and 90 s, respectively. Overall, these results highlight a trade-off
between iteration efficiency and time-to-solution, where the monolithic HPDDM-GenEO configuration
remains more time-efficient for this SPD elasticity problem, while the FIELDSPLIT-HPDDM strategy
offers enhanced robustness and flexibility for more complex large-scale systems.

4.2 Cylinder with multipoint constraints

The second test reproduces the cylinder with multipoint constraints benchmark introduced by Kruse
et al. [8]. We keep exactly the same finite element discretization used in their study, while solving the
resulting linear system with a PETSc configuration based on FIELDSPLIT and HPDDM.

The test was run using FGMRES as the global Krylov solver, combined with a FIELDSPLIT pre-
conditioner of Schur type separating the physical degrees of freedom and the Lagrange multipliers. Both
the AOO block and the Schur complement were preconditioned with HPDDM, using 40 selected eigen-
values (eps_nev = 40) per subdomain for AOO and 20 (eps_nev = 20) for the Schur complement. The
simulation was executed on 192 processors of the SELENA cluster. For a relative tolerance of 1e-8, the
global solver required 64 outer iterations and converged in 2772 seconds. These results demonstrate that
such a configuration is viable and efficient on this benchmark, and they provide a solid basis for future
comparisons with fully monolithic solution strategies.

5 Conclusion

This work establishes a practical and scalable workflow for solving large finite-element systems as-
sembled in code_aster using PETSc and two-level Schwarz preconditioning. For the 3D HHO elasticity
test case, we demonstrated that both a monolithic HPDDM-GenEO configuration and a FIELDSPLIT-
HPDDM strategy exhibit scalable behavior on large problem sizes, ranging from 6.5 x 10° to 2.2 x 10’
degrees of freedom. The monolithic approach achieves lower time-to-solution while maintaining a nearly
constant Krylov iteration count, whereas the FIELDSPLIT configuration, with HPDDM applied to both
blocks of a Schur-type decomposition, significantly reduces the number of Krylov iterations at the ex-
pense of higher per-iteration costs. In addition, we showed that a FIELDSPLIT-HPDDM configuration



successfully handles a benchmark with multipoint constraints on 192 processors. Altogether, these re-
sults demonstrate that both monolithic and block-structured strategies based on HPDDM-GenEO are
viable at scale, and they provide a solid foundation for systematic comparisons and the development of
robust FIELDSPLIT formulations for HHO and coupled large-scale systems.
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