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Abstract — Ultrasonic attenuation models for the characterization of polycrystalline materials rely on
the two-point correlation function (TPCF). The classical exponential TPCF is insufficient for materials
with wide grain size distributions (GSDs) commonly found in industrial polycrystals. This paper eval-
uates three different TPCF models that explicitly incorporate GSD statistics. We compare the models
proposed by Argüelles and Turner, Sha, and a new model. The models are validated against TPCFs
estimated from synthetic microstructures with varying GSD widths. Attenuation predictions are then
compared to numerical data.
Keywords — Grain size distribution, Ultrasonic attenuation, Two-point correlation function.

1 Introduction

Ultrasonic techniques are among the primary methods used for the nondestructive evaluation (NDE)
of polycrystalline materials [9, 8]. Theoretical frameworks developed by Stanke and Kino [10] and
Weaver [12] model the scattering-induced attenuation of elastic waves, providing a link between mea-
surable ultrasonic response and the material’s microstructure. Central to these theories is the spatial two-
point correlation function (TPCF), η(r), which describes the probability that two points separated by a
distance r reside within the same grain [11]. Historically, a simple exponential TPCF, η(r) = exp(−r/L̄),
has been used, where L̄ is the mean chord length. This model, however, is governed by a single parameter
and cannot account for the significant grain size distributions observed in real materials, where the coeffi-
cient of variation (CV) of the grain diameter, δD, can range from 0.22 to 0.84. This limitation has driven
the development of more sophisticated TPCF models that incorporate the probability density function
(PDF) of grain sizes, pD(x) [1, 6, 7]. This paper provides a direct comparison of three such models and
assesses their validity, particularly for polycrystals with broad grain size distributions (GSDs).

2 TPCF models incorporating the GSD

In this section, we introduce three models that incorporate the GSD into the TPCF. We assume a log-
normal distribution for the volumetric grain diameter D, characterized by its mean D̄ and CV δD:
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1
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where D̃ = D̄/
√

1+δ2
D is the median of D, σ2

D = ln(1+ δ2
D) is the variance of ln(D), which follows

a Gaussian distribution denoted as N (µD,σ
2
D), and 1S (x) is the indicator function defined over the set

S . The grain volumes V , whose PDF is denoted as pV (x), also follow a lognormal distribution. In the
next two sections, we present two recently introduced models [1, 6], both based on the seminal work of
Stanke [11].

2.1 Model 1: Argüelles and Turner (AT)

According to Stanke, an exponential TPCF describes the correlation structure of a polycrystalline sample
whenever the crossings obtained by drawing random lines within its microstructure with grain boundaries
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follow a Poisson distribution. This case has been referred to as Poisson statistics in Table 1 of Stanke [11].
The exponential TPCF reads η(r) = exp(−2r/x), where x is the grain equivalent diameter. Argüelles and
Turner [1] proposed a TPCF by treating x as a random variable, and weighting the exponential TPCF by
the grain size PDF:

ηAT(r) =
∫

∞

0
pD(x)exp

(
−2r

x

)
dx. (2)

This model has a fundamental limitation. When the grains are slightly penetrating spheres of the same
size d, and thus pD(x) = δ(x−d), where δ denotes the delta distribution, Stanke derived the TPCF of the
corresponding microstructure as (see Table 1 in [11]) the following piecewise function:
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However, inserting the particular case where pD(x) = δ(x− d) into Eq. (2) yields η(r) = exp
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, which is not the same as Eq. (3). Therefore, the TPCF introduced in

Eq. (2) cannot describe the microstructure of polycrystals containing spherical grains of the same size.

2.2 Model 2: Sha

To address the aforementioned issue with the model of Argüelles and Turner, Sha [6] extended the TPCF
of uniformly-sized spherical grains (Eq. (3)) to the case of a polycrystal with a GSD, pD(x), as:

ηSha(r) =
∫
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This model, by construction, reduces to Eq. (3) when pD(x) is a delta function. When D follows a
log-normal distribution, this TPCF can be written as:
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where erfc(x) = 2√
π

∫
∞

x exp(−t2)dt denotes the complementary error function.

2.3 Model 3: A new model (SK)

In this section, we introduce a third model based on the definition of the TPCF for statistically equiaxed
polycrystals containing spherical grains [7]. Let η(r = x− x′) denote the probability that two points
x and x′ randomly chosen within a sample lie in the same grain. The hypothesis of equal-sized grains
implies that this function depends only on the lag distance r = |r|. Based on the law of total probability,
the latter reads:

η(r = ∥x′−x∥) =
∫

∞

0
P
(
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∣∣Vx ∈ [v,v+dv]
)

pVx(v)dv, (6)

wherein the function g links the position of points to the grain numbers, and Vx = |g(x)| specifies the
volume of the grain corresponding to the point x. It should be noted that the distribution of the random
variable Vx is not the same as that of V . The first term of the integrand in Eq. (6) can be calculated using
basic geometry. For a lognormal distribution, this results in the following TPCF [7]:
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2.4 Attenuation model

In this study, we use the classical Weaver’s attenuation model [12]. For statistically isotropic (untextured)
polycrystals with equiaxed grains and using the Born approximation, the attenuation coefficient of the
mode I ∈ {P,S} propagating along the p̂ direction reads:

αI(p̂) =
πω4

(4δIP +8δIS)ρ2V 3
0I

∑
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V 5

0J

∫
S 2
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V0J
ŝ
∣∣∣∣)dŝ, (8)

in which the integral is carried out over the unit sphere S 2, δi j is the Kronecker delta, ω specifies the
frequency of the wave, ρ denotes the constant density of the material, V0N describes the background
propagation velocity of the mode N ∈ {P,S}, and η̃ is the Fourier transform of the TPCF, which is
also known as the power spectral density function. Moreover, the function QI→J is the inner product
of the covariance tensor which depends on the elastic tensor of single crystals and the propagation and
polarization directions of incident and scattered waves [12].

In the low-frequency (Rayleigh) regime, the attenuation coefficients are proportional to ω4Veff, where
Veff =

∫
η(r)dr is the effective grain volume. The three models predict starkly different dependencies for

Veff on the GSD width δD:
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Our model (SK) predicts a much more dramatic increase in effective volume and thus low-frequency
attenuation, as the GSD width increases, scaling with (1+ δ2

D)
12 compared to (1+ δ2

D)
3 for the other

models (AT and Sha).

3 Comparison of the proposed TPCF models

In this section, we first compare the analytical TPCF models and attenuation coefficients obtained via
different models for polycrystals with an infinite number of grains. We then compare the TPCF and
attenuation coefficients reported in a recent study [5] with those obtained using different correlation
models.

3.1 Comparison for unbounded polycrystals

Figure 1 illustrates the TPCFs obtained for ten different grain size distribution widths δD in the interval
[0,1]. The extreme cases are highlighted by the blue curve for δD = 0 and the red curve for δD = 1. Clear
differences emerge among the models when grain size variability is introduced. For narrow distributions
(δD → 0), the predictions from our formulation are nearly identical to those from Sha’s model (Eq. (5)),
while Argüelles and Turner’s expression (Eq. (2)) produces substantially larger correlation lengths. On
the other hand, when the distribution becomes broad as δD gets closer to 1, our model provides the
longest correlation lengths, with Argüelles and Turner giving slightly lower values, and Sha’s model
showing the most rapid decay of the TPCF.
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Figure 1: TPCFs of microstructures with D̄= 50µm and δD ∈ [0,1] based on different correlation models.
Each curve corresponds to a δD value indicated by the colorbar.
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Figure 2 depicts the variation of the normalized attenuation coefficient of P waves, αPD̄, in terms of
the normalized spatial frequency, kPD̄, for aluminum polycrystals. The single crystal elastic constants
and density are (c11,c12,c44) = (103.4,57.1,28.6) GPa, and ρ = 2700 kg/m3, respectively. For all corre-
lation models, a broader grain size distribution leads to higher attenuations in the Rayleigh regime. Yet,
their predictions diverge depending on the value of δD. When the distribution is narrow (δD → 0), our
model closely matches Sha’s, as both rely on the same limiting TPCF, while the Argüelles and Turner’s
model clearly overestimates attenuation. For moderate widths (e.g., δD ≈ 0.5), our model becomes closer
to the Argüelles and Turner prediction, whereas Sha’s remains significantly lower. For broad distribu-
tions (δD → 1), our model produces the largest attenuation values, followed by Argüelles and Turner,
with Sha’s model giving the lowest values. These trends directly reflect the evolution of the associated
TPCFs with δD.
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Figure 2: Normalized P-wave attenuation coefficients for aluminum polycrystals with δD values in [0,1],
computed using three TPCFs. Each curve corresponds to a δD value indicated by the colorbar.

Figure 2 also shows that in the Rayleigh regime, the usual fourth-order frequency dependence of
attenuation, which holds for polycrystals with a single characteristic length scale, no longer applies
when the grain size distribution is broad. Our model captures this breakdown at large δD, in agreement
with numerical observations from [1] and experimental evidence from [2].

3.2 Comparison for synthetic polycrystals

In this section, the attenuation results obtained with the aforementioned TPCF models are compared
against data recently reported by Islam and Turner [5] where they examined the effect of the grain
size distribution width on ultrasonic attenuation using synthetic polycrystals previously generated in [3].
Their calculations rely on a modified version of Weaver’s theory proposed in [4], which accounts for
the finite size of the samples. In their approach, the form of the covariance function is not prescribed a
priori.

The attenuation curves as functions of frequency were obtained for nickel polycrystals characterized
by various grain size distribution widths, as illustrated in Fig. 6 of [5]. The relevant elastic constants and
grain size statistics for the selected aggregates are listed in Table 1. Three representative microstructures
were selected for comparison, all having an average grain size close to 30 µm and grain size distribu-
tion widths δD equal to 0.115, 0.433, and 0.633. The single crystal elastic constants and density are
(c11,c12,c44) = (247,153,122) GPa, and ρ = 8900 kg/m3, respectively.

We first focus on the TPCFs predicted by different correlation models described in Section 2, com-
pared against the results reported in Fig. 5e of [5]. Figure 3 displays the numerical estimates obtained
from thirty microstructural realizations (blue symbols), together with the analytical predictions from
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Table 1: Grain size distribution parameters and grain numbers, taken from [5].

Set D̄ [µm] δD [-] Ng [-]
1 29.8 0.115 118130±110
2 30.9 0.433 65812±283
3 30.5 0.633 41444±863

Argüelles and Turner (magenta dotted line), Sha (red dash-dot line), and the present model (black dashed
line). For narrow grain size distributions (Fig. 3 (a)), both Sha’s model and ours agree very well with
the reference data, while the Argüelles and Turner model overestimates the TPCF. With increasing δD

(Figure 3 (b) and (c)), the differences become more noticeable. Our formulation remains consistent with
the reference curve across all cases, whereas the other two models are unable to reproduce the observed
decay.
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Figure 3: TPCFs predicted by the models of Argüelles and Turner (magenta dotted), Sha (red dash-
dot), and Sheng and Khazaie (black dashed), compared with reported values from [5] (blue markers) for
different values of δD.

Figure 4 compares the longitudinal attenuation predicted by all correlation models with the reference
results presented in Fig. 6a of [5]. Because the vertical axis uses a logarithmic scale, the uncertainty
bounds in the reference data are less noticeable here than in the original figure. For the smallest grain
size distribution width considered (Figure 4(a)), both Sha’s model and our formulation closely match
the reported attenuation values, while the Argüelles and Turner model significantly overpredicts them,
mainly due to its larger estimated correlation length. For the two broader distributions (Figure 4 (b) and
(c)), our model is the only one that correctly follows the attenuation behavior documented in [5].

4 Conclusions

This work introduces a new closed-form spatial TPCF model that explicitly incorporates the volumetric
grain size distribution through an analytical convolution based on spherical grain statistics, characterized
by the mean grain diameter D̄ and its coefficient of variation δD. When tested against numerical TPCFs
extracted from numerous synthetic polycrystalline microstructures covering a broad range of distribu-
tion widths, the proposed formulation provides a closer match to the reference data than the models of
Argüelles and Turner [1] and Sha [6]. The latter models cannot properly describe large grain size dis-
persions and lead to significant over- or underestimation of the spatial correlation. Coupling our TPCF
with Weaver’s theoretical framework then allowed us to evaluate the ultrasonic attenuation coefficient.
The results reveal that the grain size distribution strongly influences attenuation in both the Rayleigh
and stochastic regimes. Moreover, comparisons with available numerical attenuation data for some poly-
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Figure 4: Longitudinal attenuation in terms of frequency predicted by the models of Argüelles and
Turner (magenta dotted), Sha (red dash-dot), and our model (black dashed), compared with the values
reported in [5] (blue markers) for different values of δD.

crystalline materials confirm the improved predictive capability of our approach, while the other models
exhibit clear discrepancies.
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