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Résumé — This study investigates the influence of macroscopic stress gradient on crack-growth ini-
tiation within the variational phase-field model. By analyzing an edge-cracked plate under non-uniform
tension, we demonstrate that the stress gradient stabilizes nucleation and significantly alters the size
effect derived for uniform tensile loading. We identify a critical defect size that minimizes the initia-
tion load, separating small, unstable flaws from large, stable ones that can be arrested. These findings
highlight the interplay between material and structural length scales in predicting fracture onset.
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1 Introduction

Variational phase-field models of fracture, frequently identified in the literature as a type of gra-
dient damage or smeared crack model, provide a robust continuum framework that approximate sharp
discontinuities as a smooth damage field. Originating from the variational approach to fracture proposed
in [10], these methods regularize the fracture surface energy over a diffuse band of finite width, the size of
which is governed by a characteristic length ¢pg. This formulation is mathematically related to the ellip-
tic approximation of free-discontinuity problems developed by Ambrosio and Tortorelli (AT) [1, 2] and
subsequently adapted for numerical fracture mechanics in [7, 8], and are hence known AT-type phase-
field models. These models offer significant computational advantages ; they naturally predict complex
fracture phenomena, including crack nucleation, propagation, and branching, solely through the minimi-
zation of a global energy functional. Consequently, they eliminate the need for ad-hoc failure criteria or
complex algorithms for crack path tracking while maintaining reasonable numerical cost. In pure mode-I
tension AT-type phase-field models are a reliable tool for predicting crack-growth initiation by recon-
ciling stress-based and toughness-based criteria across scales, although they face challenges in accura-
tely predicting nucleation under multiaxial mixed-mode or compression-dominated loading conditions,
e.g. [17,9].

This reconciliation between stress and toughness-based criteria yields the classical size effect ; small
defects, relative to the characteristic length, are strength-controlled with an intrinsic tensile strength
6. = 1/+/lpE, whereas large defects are toughness-controlled and follow the Griffith model; the onset
curve transitions smoothly between these regimes. This behavior has been reproduced for the plate with
central crack within a variational phase-field formulation under uniform loading, e.g. [13]. However,
many practical configurations such as bending, wedge-splitting, or non-uniform boundary actuation, im-
pose macroscopic stress gradients at the specimen scale, for which the classic size-effect framework is
less firmly established. This motivates a central question that guides the present work; how do stress
gradients modify crack-growth initiation thresholds and reshape the size-effect landscape ?

A partial answer to this question was given by Pham, Laverne and Marigo [12], who analyzed a
central crack in a sufficiently large solid subjected to prescribed, non-uniform tractions within a cohesive-
zone model (CZM) and derived closed-form expressions for the evolution of the cohesive and non-
cohesive crack lengths. In CZM, an intrinsic length arises from the traction—separation law, which sets
the size of the fracture-process zone and enables size-effect behavior. Their analysis shows that a tensile
stress gradient has a stabilizing effect on nucleation and growth; nucleation loads increase, and crack
advance can be arrested as the crack approaches a gradient-controlled length scale. These observations,



together with the presence of characteristic length scales in both CZM and phase-field formulations,
inspire the present work to explore similar phenomena within a variational phase-field framework.

This work investigates the influence of a macroscopic stress gradient on crack-growth initiation wi-
thin the AT1 phase-field model under mode-I-dominated non-uniform loading for a square plate with an
edge crack. We demonstrate how stress gradients modify the size-effect landscape established in the pre-
vious study [13] and induce a stabilizing mechanism on damage nucleation. Furthermore, we introduce
and analyze a critical crack size that minimizes the nucleation load.

2 Edge crack under stress gradient

2.1 Problem formulation

We study how a prescribed macroscopic stress gradient influences crack-growth initiation in a finite
square domain D of height H and width L = H in symmetric formulation containing an imperfection
in the form of edge crack of length a that occupies a part of the left boundary, see Figure 1. The top
and bottom edges of the domain are traction-free, whereas on the left boundary at x = 0 we impose the
symmetry conditions as depicted on the Figure 1a. The right boundary at x = L is subjected to a linearly
varying displacement in the x-direction
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where 7 is the quasi-static loading parameter and {y is the characteristic length that controls the stress-
gradient, so that a finite /v > 0 induces a vertical stress gradient across the specimen height; in particular,
if /y < H, the lateral edges exhibit both tensile and compressive regions in linear elasticity. To avoid
compression-dominated nucleation and isolate gradient effects we set fy = 0.95H.
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(a) Geometry (b) Regularized edge crack

FIGURE 1 — Edge crack in a finite plate under non-uniform tensile loading inducing a stress gradient (on
the left) and initial damage field 0 (on the right). The parameter ¢y controls the extent of the tensile
region. Arrows indicate the direction of loading. The initial damage field oy regularizes the edge crack
of length a ~ 0.35H for zero loading ¢t = 0 and ¢pr = 0.05H.

In this work, we employ the AT1 variational phase-field model for brittle fracture and seek a local
minimizer of the following regularized energy functional

Fin 1,00 = 5 [ 2(u): C(@) ) dx + wi [ (wlo) + eV Var) i, @)
D o D

where u is the displacement vector field, £(u) the linearized second-rank strain tensor, C(a) = (1—a)*C

the degraded fourth-rank elasticity tensor, w(ct) = o the local dissipation density, and wi = 3G, /(8 (pF)
the specific fracture energy density with fracture toughness G.. The parameter /pr is the regularization
length and is interpreted as a material characteristic length scale. A detailed mathematical formulation of
the local minimization problem of the AT1 model can be found, e.g. in [8, 13].

Our objective is to characterize the crack-growth initiation curve a(z), which relates the crack length
a of the edge crack initially presented in the domain to the onset loading level ¢, when this initial crack
begins to grow. Under the present non-uniform loading (1), we exploit the symmetry of the problem



to assume a straight crack path and reconstruct a(r) as follows : for a sequence of prescribed initial
edge-crack lengths a € [0, 0.95H], we compute the minimal load ¢ at which crack propagation initiates.
Recording this onset load for each length yields the full initiation curve a(t).

To compute each point on the initiation curve, we discretize %y, using finite elements and solve
the coupled displacement-damage problem by alternating minimization under quasi-static loading. For
a given crack length a, the initial edge crack is imposed as a regularized discontinuity by prescribing a
nonzero damage field 0 along the left boundary in the symmetric configuration (see Figure 1b) [11].
The initiation load ¢ is then defined as the smallest load level at which the damage increment o — 0l
reaches unity at some point in the initially intact region (where g = 0), thereby signaling the onset of
crack growth. Figure 2 illustrates the evolution of the energies and the maximum damage increment for
a case with a ~ 0.35H and /pr = 0.05H.

We discretize the displacement field u using quadratic (P2) elements and the damage field o using
linear (P1) elements on a uniform mesh. For the smaller values of /pg, the mesh size is chosen to be less
than ¢pp/5, which ensures mesh convergence of the phase-field approximation [8]. For the larger values
(¢pp/H > 0.01), the mesh is refined such that the P1 space contains approximately 2 x 10* degrees of
freedom, ensuring sufficient accuracy of the finite element solution. All simulations use a unit square
domain D with H = L = 1 m and material parameters £ = 1 MPa, v = 0.3, and G, = 0.1 m!/2MPa. The
computations are performed using the open-source finite-element library DOLFINx [3].
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FIGURE 2 — Evolution of energies (left) and maximum damage increment o — 0y (right). The initiation
during quasi-static loading until crack-growth initiation. The initiation load is defined as the point where
the damage increment o — 0y reaches unity in the initially intact region (where oy = 0). Parameters :
a~0.35H, fpp = 0.05H, {y = 0.95H.

Remark - time-discrete vs time-continuous formulations Although the phase-field model is presen-
ted here in a time-continuous quasi-static setting, the numerical results are computed in a time-discrete
(incremental) manner by monotonically increasing the load parameter . This distinction is immaterial
for the present study because we only follow the response up to crack-growth initiation, which corres-
ponds to a loss of stability of the equilibrium solution. Prior to this point, the evolution is smooth, and
the incremental solutions converge to the time-continuous evolution. Rigorous analyses of stability and
incremental schemes for phase-field models can be found in [5, 17].

2.2 Griffith model under stress gradient

In the brittle limit (i.e., as fpr — 0), the phase-field functional E,. I'-converges to the classical
sharp-crack Griffith functional ' [1], allowing us to compare phase-field nucleation predictions against
the classical Griffith model. Under the loading (1) parameterized by ¢, we consider a sharp edge crack
I'(a) of length a in the elastic plate D, whose total potential energy reads
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where u'(a) = tu'(a) is the equilibrium displacement field for a fixed crack length a and load ¢, with
u'(a) the solution of the unit-load problem.

By introducing the energy release rate G'(a) := —d%E'(a) /da, the quasi-static evolution of the crack
length a(r) is governed by the minimization of Z’(a) under the following constraints : (i) irreversibility
a > 0, (ii) stability G'(a) < G, and (iii) energy balance (G'(a) — G.)a = 0. We say that a pair (7, a¢)
satisfies the Griffith criterion for the crack initiation, if under the constraints (i)—(iii) (fg,a¢) is the
minimizer of (3). The resulting dependence 7 (ag) serves as the baseline for comparison with phase-
field predictions in the brittle limit.

Before analyzing the effects of stress gradients within the variational phase-field framework, we
first illustrate the concept using the classical Griffith model for brittle fracture. The macroscopic stress
gradient induced by the loading (1) can be approximated as a superposition of pure bending and uniform
loading (in compression or tension depending on £v). In this simplified scenario, the energy release rate
admits a closed-form approximation, allowing us to derive the initiation load 7 (a¢) directly from the
Griffith criterion G'“(ag) = G.. Figure 3 compares this gradient-dependent solution ({y > 0) with the
reference case of uniform tensile loading ({fy — o). The two loading scenarios exhibit distinct behaviors.
For small flaws (a < H), both solutions coincide and predict infinite initiation loads, highlighting the
well-known inability of the Griffith model to capture strength-driven nucleation ¢t = t.,. However, for
large flaws, the responses diverge. Under uniform tension, the initiation load decreases monotonically
until failure (@ = H). In contrast, under the combined bending and compression (which induces the
stress gradient), the onset load eventually increases with crack length, tending towards infinity as the
crack approaches a limiting length aji,, < H. As will be shown later, this behavior persists in the phase-
field model, while also capturing strength-driven nucleation.
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FIGURE 3 - Influence of the stress gradient represented by superposition of bending and compression
(¢y > 0) on the Griffith initiation curve #;(ag) compared to the uniform loading (¢y — oo) for the square
plate with edge crack. The stress gradient induces a critical crack length ay;;, beyond which crack growth
cannot occur.

2.3 Crack-growth initiation and size effect under stress gradient

Now, we compare the evolution of a(r) under spatially uniform loading (/y — o0) and non-uniform
loading with a non-zero stress gradient (/y > 0). Results are presented in a log-log (a,t) plot with a
normalized by the height H (bottom x-axis) and by the material length /pr (top x-axis), taking fpp =
H /100. Figure 4 collects these curves and also reports the onset predicted by the Griffith criterion for the
loading (1).

Under uniform loading (¢y — o), the curves reproduce a similar size effect to the well-known one
titled as the "type 2 scaling law" by Bazant [6], namely small cracks (@ < ¢pg) onset according to the
material strength ¢ = ¢,, while large cracks (a > fpp) follow the Griffith criterion ¢ = ¢, with a smooth
transition between regimes (blue squares in Fig. 4). This behavior for variational phase-field models was
reported in [13] for the first time. Unlike in the classical type 2 size-effect, our displacement-controlled
setup introduces noticeable boundary effects for large cracks in a finite plate, so the onset ¢ departs
from the ideal Griffith curve for an edge crack in a finite plate (gray in Fig. 4). We also note that the
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Griffith model overestimates the initiation load for small cracks, whereas the phase-field model, through
its intrinsic length /pp, naturally captures the strength-governed onset.

With a nonuniform loading (¢y > 0), the size-effect landscape changes markedly for large cracks.
While the small and transitional regimes (a < /pp) remain close to the uniform-loading case, the onset
load for large cracks increases and tends to infinity as a — (v, unlike the classical size effect where the
required load decreases monotonically with crack length until failure. Moreover, a(t) exhibits snap-back
under monotonic loading ; sufficiently small initial cracks ag (cf. Figure 4) jump to a larger a(z) at onset,
whereas sufficiently large initial cracks grow continuously along the upper branch of the loop. Despite
these changes, the large-crack regime remains governed by Griffith, with a(¢) approaching the Griffith
solution r =t as a — {y. These results qualitatively mirror those observed in Section 2.2 for a simplified
loading scenario combining bending and compression.
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FIGURE 4 — Influence of the stress gradient (finite /y = 0.95H) on the size effect with respect to the
uniform loading (fy — o) for the finite plate with displacement-controlled boundary conditions with
lpp = H/100.

Finally, the snap-back observed for finite ¢y reveals a minimum of the onset curve #(a) (yellow star
in Figure 4), absent under uniform loading. We denote this minimum as the critical defect a*" and define
it as

crit

a“™" = argmin t(a). 4)

This minimum can be viewed as the worst imperfection because the specimen fails as soon as the load
reaches 7(a“™). It also provides a clear threshold to classify initial flaws; we call cracks with a < @™
small, and cracks with a > a“™ large.

2.4 Stabilizing role of the stress gradient and material length on crack-growth initiation

We organize the discussion around two length scales : the material length /pr and the gradient length
lvy, and we compare responses to the perfect (defect-free) case with a = 0. We introduce the dimension-
less parameter € := +//pr/{y to quantify their interplay, and we normalize the loading by Iperfect, 1.€., W€
plotz/ tperfect- This choice highlights the relative drop of the onset load as the imperfection size a increases
and is consistent with the classical size effect : for brittle materials (small £pg), fperfect = t., Whereas for
less brittle materials (large £pr) one has #yerfect > e, €nabling fair comparison across materials.

The material length /pr controls cohesive effects at the material scale [14] and thus can stabilize
crack-growth initiation. Small /pr (small €) corresponds to brittle behavior, whereas large /pp (large €)
corresponds to less brittle (more cohesive) behavior. Figure 5-left shows a/{y versus f /fyersec; for different
¢, illustrating how /pr affects initiation under a stress gradient. As € increases, (i) onset loads rise and (ii)
the snap-back loop shrinks, smoothly transitioning from subcritical (unstable) to supercritical (stable)
nucleation. For sufficiently large €, the snap-back disappears and a(f) becomes monotonic.
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FIGURE 5 — Stabilizing role of the material length ¢pr (on the left) and the gradient length ¢y (on the
right) on crack-growth initiation. The parameter € = //pr/{y quantifies the interplay between both
length scales. Yellow stars mark the critical imperfection ¢ that minimizes the onset load #(a).

The gradient length /y exerts a complementary stabilizing influence. Decreasing ¢y (larger €) streng-
thens the macroscopic gradient and induces compression near the crack region, which inhibits initiation.
This manifests as (i) a smaller snap-back loop, (ii) higher onset loads, and (iii) a reduced maximum
crack length relative to the specimen height H. These trends are shown by plotting a/¢pg versus ¢/ Iperfect
with increasing € in Figure 5-right. Conversely, increasing /v (smaller €) weakens the gradient, allowing
larger cracks to develop and bringing the response closer to the uniform-loading case (cf. Figure 4).

Together, these stabilizing mechanisms are unified by the parameter €, which governs the transition
from unstable to stable crack-growth nucleation. As € increases, the snap-back loop diminishes and
the response becomes continuous. Consequently, even a brittle material (small £pg) can exhibit stable
nucleation if subjected to a sufficiently strong stress gradient (small {y), demonstrating the interplay
between material and structural length scales.

2.5 Critical defect

In analogy with imperfection sensitivity in shell buckling [4, 15], we define the critical defect a“* as
the geometric imperfection that yields the minimum initiation load. The associated fracture knockdown
factor n(a") = t(at)/ tperfect 1S the ratio of this minimum initiation load to the nucleation load of the
intact solid.

Figure 6 shows the evolution of @' and M with the dimensionless parameter € = +//pg/fy. In the
brittle limit (€ — 0), M decreases significantly. For the smallest € considered, the initiation load drops to
less than 20% of the intact value, highlighting the high sensitivity of brittle materials to defects under
stress gradients. In this regime, o' saturates to a value dependent only on fy, matching the Griffith
solution. Thus, for sufficiently brittle materials ({pr — 0), the Griffith model reliably predicts the critical
defect size.

Conversely, as the material becomes less brittle (increasing €), the knockdown factor 1 increases,
decreasing sensitivity to imperfections. These results quantify the stabilizing effect of /pp discussed
previously : increasing the material length scale transitions the response from a highly imperfection-
sensitive subcritical behavior to a more stable supercritical one.
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FIGURE 6 — The fracture knockdown factor 1(a) = ¢(a®t) / fperfect and the critical defect a®mit for va-
rious values of the dimensionless parameter € = \/{pg/ly. Arrows indicate the direction of decreasing €.
For large €, the material is less brittle and more resistant to initial imperfections. For small €, behaviour
is brittle delivering small knockdown factors.

3 Conclusion

Introduction of stress gradient in the vicinity of fracture reveals new features of crack initiation that
cannot be observed in the common uniform loading tensile tests. Overall, the presence of the stress
gradient plays a stabilizing mechanism on the crack onset by preventing the crack from growing due to
presence of compression around the crack. This result was demonstrated for an edge crack in a square
domain with displacement-controlled loading using the AT1 phase-field model.

When compared to the uniform loading case, the presence of the stress gradient allows to introduce
a critical imperfection a that, under monotonic loading, sorts the initial cracks into two categories :

1. large cracks a > a“, which (i) grow continuously approaching ¢y (Figure 4); (ii) follow the
Griffith criterion for brittle materials ; (iii) are arrested at a — fy, unlike in the uniform loading
case, where cracks grow unboundedly until specimen failure ;

2. small cracks a < a®'t, which (i) propagate brutally by jumping to the upper part of the loop where
a — ly (Figure 4); (ii) nucleation follows material strength and transitional parts of the size effect
similar to uniform loading ;

These findings and analysis of the size-effect under stress gradient reveal that the importance of accoun-
ting for gradient effects depends critically on the defect size relative to a“i'. For large cracks, stress
gradients significantly influence crack initiation, but the classical Griffith model remains sufficient when
the material behavior is brittle (¢pr << H). Conversely, for small or transitional flaws (a < aty, the
response qualitatively resembles uniform loading, and a phase-field model becomes essential. This is
particularly true for brittle materials, which exhibit the highest sensitivity to such defects, as evidenced
by the smallest values of the fracture knockdown factor 1. In this regime, the Griffith model fails to
capture strength-driven nucleation.

A further key finding is that both the material length ¢pr and the stress gradient length ¢y indepen-
dently influence crack initiation, either stabilizing or destabilizing the response. This interplay is captured
by the dimensionless parameter € = \/¢pp/{y. As € increases, the solid’s resistance to crack initiation
strengthens, leading to more stable fracture onset. This stabilization can be achieved through various
mechanisms : a brittle material subjected to a sufficiently strong stress gradient, a less brittle material
under moderate gradients, or a combination of reduced brittleness and enhanced gradients.
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